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iv Kurzfassung
Kurzfassung
Weiterentwickelte Simulation des Fräsprozesses für ein neuartiges Schrupp- und
Schlichtwerkzeug
Schlagworte: Fräsen, Rattern, Prozessstabilität, Totzeiten, Oberflächengüte, Rundlauffehler
Bei der spanenden Fertigung von Werkstücken aus Aluminiumlegierungen wird häufig im er-
sten Schritt ein Schruppfräser eingesetzt, der einen möglichst hohen Materialabtrag ermöglicht.
Um hohe Oberflächengüten zu erreichen, erfolgt im zweiten Schritt die Fertigung der Endkontur
mit einem Schlichtfräser. Durch den Einsatz eines neuen und patentierten Werkzeugkonzeptes
lassen sich sowohl Schrupp- als Schlichtvorgänge mit diesem einen Werkzeug durchführen.
Die Besonderheit dieses Werkzeugkonzeptes basiert auf der unterschiedlichen geometrischen
Auslegung der einzelnen Schneiden. Eine prozessoptimierte Auslegung der Werkzeuggeome-
trie des Prototypwerkzeuges kann anhand einer vorhergehenden Berechnung der Prozesskräfte
und des dynamischen Verhaltens erfolgen. Hierfür wurden die entsprechenden mathemati-
schen Modelle entwickelt. Anhand von experimentellen Untersuchungen erfolgte die Verifika-
tion der Schrupp- und Schlichtfähigkeit des Werkzeugkonzeptes. Die Ergebnisse verdeutlichten,
dass das Werkzeug in beiden Fällen vergleichbare Ergebnisse erzielt wie reine Schlicht- und
Schruppfräser. Hieraus folgt, dass das neue Werkzeugkonzept durch die Verringerung der
benötigten Werkzeuge zu einer Produktivitätssteigerung beitragen kann.
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Abstract
Enhanced Simulation of the Milling Process for a Novel Roughing and Finishing Tool
Keywords: milling, chatter, process stability, time delays, surface quality, runout error
For milling of aluminum alloys a roughing cutter is often used in the first step to achieve a high
material removal rate. In order to obtain a high surface quality, the final contour is produced
using a finishing cutter. By using a new and patented tool concept, both roughing and finishing
operations can be carried out with this one tool. The special feature of this tool concept is based
on the different geometric design of the individual cutting edges. A process-optimized design of
the tool geometry of the prototype tool can be performed based on a preliminary calculation of the
process forces and the dynamic behavior. The corresponding mathematical models have been
developed for this purpose. On the basis of experimental investigations, the verification of the
roughing and finishing capability of the tool concept was carried out. The results showed that the
tool achieved comparable results in both cases to pure finishing and roughing cutters. It follows
that the new tool concept can increase productivity by reducing the number of necessary end
mills.
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Acronyms
Symbol Description
ACFM average cutting force method
DOF degree of freedom
EDX energy dispersive X-ray spectroscopy
FEM finite element method
ICFM instantaneous cutting force method
PSO particle swarm optimization
SD Semi-Discretization
SEM scanning electron microscope
STFT short-time Fourier transformation
Greek Symbols
Symbol Unit Description
αeff rad effective clearance angle
α rad clearance angle
αf rad chamfer angle
αv rad effective direction angle of active force
δj rad helix angle of flute j
Δq m relative dynamic displacement between the workpiece and tool
ΔR µm radial offset of a flute
Δx, Δy m relative dynamic displacement between the workpiece and tool in x-
and y-direction
γ rad rake angle
κj rad cutting edge position angle of flute j
λr rad runout location angle
μ – friction coefficient in case of process damping
φ rad angular position of a tooth
Φexp – expanded transition/monodromy matrix
ρr mm runout offset
rim,j,u % immersion rate for tooth pitch pj,u
φ rad immersion angle
Nomenclature ix
Latin Symbols
Symbol Unit Description
A – state/system matrix
Adyn,f N/s dynamic force signal area
ae, ap mm radial and axial immersion
Aj mm2 machining area of the j-tooth
A∗pd mm3 precise numerical estimation of the indentation area
Apd mm3 indentation area
Astat,f N/s static force signal area
B – input matrix
bf µm chamfer width
u – input vector
cg – swarm confidence factor
cl – self confidence factor
cr mm center of rotation
ct mm tool center point
D kg modal damping matrix
D mm tool diameter
F Hz sampling frequency
fc Hz chatter frequency
fd Hz discrete frequency step
Ff, FfN, Fp N feed, feed normal and passive force
fj,u mm effective feed per tooth between flute j and u
Fmin N deviation between the simulated and experimental forces
fs Hz spindle frequency
ft Hz tooth passing frequency
Ft, Fr, Fa N tangential, radial and active force
fz mm feed per tooth
gj,u – Heaviside step function between flute j and u
h mm undeformed/uncut chip thickness
h0 mm burr height
hdyn mm pertubed/dynamic part of the undeformed/uncut chip thickness
hper mm periodic part of the undeformed/uncut chip thickness
I – identity matrix
J – matrix of ones
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K kg modal stiffness matrix
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Kpd N/mm3 process damping coefficient
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l2 mm cutting length
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M kg modal mass matrix
m – period resolution
n min–1 spindle speed
Nk – number of discrete positions for one tool revolution
Np – swarm members for the PSO algorithm
Nrev – number of discrete positions for the time for one tool revolution
Ns – number of movements for the PSO algorithm (swarm iterations)
Nt – number of teeth
Nz – number of discrete positions in z-direction
p rad tooth pitch vector
(assuming constant values in z-direction along flutes)
pg,k – position of the particle with best global fitness at current move k
pi,k – position of the i-th particle at current move k
fj,u mm tooth pitch between flute j and u
plb – lower boundary for pi,k
pl,i – best position of particle i in current and all previous moves
pub – upper boundary for pi,k
q m vector, which contains all oscillator in x- and y-direction
r mm tooth radius vector
(assuming constant values in z-direction along flutes)
R mm corner radius of the tool
ramp – chatter amplitude ratio
rj mm radius of flute j
rpg,i,k – weighting factor for the swarm influence
rpl,i,k – weighting factor for the particle memory
Rth mm kinematic/theoretical roughness
rv,i,k – random inertia factor
rv,i,k – weighting factor for the current motion of the particle swarm
Nomenclature xi
Sj mm trajectory of flute j
T s sampling interval
t s continuous time step
Trev s time for one tool revolution
td s discrete time step
trev s time vector for one tool revolution
u – second index for the number of flutes (hybrid tool specific extension
to the main index j)
vc m/min cutting velocity
vf m/min feed forward velocity
vi,k – velocity of the i-th particle at current move k
w – total number of oscillators w = k + l + m + n
x – state vector
zd mm discrete value for z-direction
zi mm incremental axial position
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1 Introduction
Material removal rate, tool life, process stability, surface finish and the prevention of burr formation
are important aspects of the machining performance of metallic materials [Arr13]. The relations
between these key aspects, however, prevent a simultaneous optimization of all aspects at the
same time. Therefore, tools are usually designed for roughing or finishing operations. Tools for
roughing are designed to achieve high material removal rates at the lowest possible costs. Thus,
high process stability is required. Finishing tools are optimized for surface quality and low burr
formation.
For machining aluminum, different universal tools offer a compromise between roughing and fin-
ishing. Tools with uneven helix angles, unequal tooth pitch or a combination of these attributes
are often used for combined roughing and finishing. The highest possible process stability can
be reached by the use of chamfered cutting edges [Coo59]. However, chamfered cutting edges
[Gro06, p. 100] or flank wear [Gil76] can decrease surface quality and lead to high burr forma-
tion. Furthermore, high temperatures result from the friction between workpiece and chamfered
edge. Especially for the machining of aluminum, this increases material adherence to the cutting
edge. Consequently, ordinary tools with chamfered cutting edges are not suitable for finishing or
combined roughing and finishing operations.
A new and already patented hybrid tool [Den17] with chamfered and sharp cutting edges is pro-
posed in this work. The chamfered cutting edges allow high process stability during roughing. To
avoid contact with the final finish surface, the chamfered cutting edges have a smaller distance
to the tool center point. The sharp cutting edges ensure the necessary surface quality during
finishing. This work focuses on the simulation based analysis of the dynamics and mechanics of
this tool concept. The interactions between the roughing and finishing flutes will be investigated
with process stability as the main priority. This will allow for a more sophisticated and application
optimized tool development.
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One of the first mentions of chatter can be found in the first volume of the Transactions of the
American Society of Mechanical Engineers, published in 1880, were Charles Talbot Porter
described chatter as a state that mechanics try to avoid [Por80]. He stated that “perfection, both
in form and finish”, cannot be reached only by avoiding chatter and pointed out the importance of
the “strength of the machine tool”. At the beginning of the 20th century, when the production of
cutting tools was carried out by smiths, Taylor found out for turning processes that the occurrence
of chatter depends on the geometry of the tool [Tay07, p. 152 f.]. In this context, Airey and
Oxford made extensive investigations on the influence of tool geometry on roughing operations
[Air22]. One of their drawn conclusion was that excessive clearance fosters chatter, and thus, low
clearance is favorable. This may be considered as one of the first cited findings that the contact
between the flank face of the cutting wedge and the workpiece induce a stabilizing effect, often
referred to as process-damping.
It can be stated that the tool geometry is of importance for stability (roughing) as well as surface
quality (finishing). In Chapter 2.1 the essential requirements for roughing and finishing are com-
piled. Primarily it is shown which geometric tool shape properties contribute to a tool design that
can be used for both applications. For a process-optimized design of the tool geometry, a corre-
sponding mathematical modeling of the machining process is of importance. The basics of milling
modeling are presented in Chapter 2.2. In this context, Chapter 2.3 discusses the influence of the
cutting flute geometry (macro geometry of the tool) as well as the cutting edge geometry (micro
geometry of the cutting edge) on the resulting process forces and the dynamic behavior of the
milling process. This is especially important for roughing operations. Chapter 2.4 shows which
disturbances significantly influence the finishing operation, and thus, surface quality. However,
these disturbances can also have an effect on the stability and are therefore also of interest for
roughing.
2.1 Application-specific End Mill Geometries
During roughing, the highest achievable removal rate which yields the lowest machining costs is
considered the target value. Thus, high feed rates vf as well as high axial and radial immersions
ap and ae, respectively, are necessary for roughing. However, high removal rates, and thus,
increased process forces, may lead to an unstable cutting condition. In order to ensure a sta-
ble machining operation with high removal rates, e.g. cutters with serrated flutes are used. The
shape of such flutes cause a modulation of the uncut chip thickness due to vibrations, and thus,
disrupt or interfere with the regenerative effect for certain process parameters [Dom10, Sté14].
This modification allows almost the same stability increase as tools with chamfered cutting edges.
The goal of finishing is to achieve the required surface quality combined with the prevention of
burr formation at the lowest possible costs. Thus, end mills with serrated or chamfered flutes
should not be considered for this task. In general, this is no major problem in case of stability
concerns, as radial immersion is rather low for finishing. However, if the workpiece is flexible,
e.g. turbine blades, stability issues may still arise. Concerning avoidance of burr formation,
Enomoto et al. concluded for machining of cast iron that high cutting speeds vc and tools with
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sharp cutting edges should be used [Eno02]. Hence the rake and clearance angles γ and α,
respectively, must be high to achieve a sharp wedge. In order to avoid deviations and vibrations
of the tool or the workpiece, cutting forces need to be reduced. This can be achieved by lowering
the feed per tooth fz. Furthermore, the generated kinematic roughness is reduced. For the same
reason, tools with increased numbers of teeth Nt are applied for finishing, since the necessary
chip space is small compared to roughing operations. Additionally, flutes with large helix angle δ
lead to a more constant cutting force [Ema89]. The resulting lower force fluctuation increases the
quality of the finished surface. A further important aspect for finishing operations is tool runout,
which results from the dynamical axial and radial deviation of the tool during machining [Wan09].
Tool runout causes a variation of the uncut chip thickness between the flutes, and thus, to a varia-
tion of the load on each flute [Kli83]. Flutes with higher loads lead to an increased wear. Looking
at the workpiece, Schmitz et al. showed that tool runout not only has a negative effect on the
surface finish, but might also affect process stability negatively [Sch07].
In addition to tools that are designed only for roughing or finishing, there exist tool concepts for
both operations. Most of these concepts are based on unequal tooth pitches and helix angles,
respectively. This geometric alteration causes a disruption of the regenerative effect, just as for
end mills with serrated flutes. In general, however, the increase of process stability of these tool
concepts is not comparable to tools with serrated or chamfered flutes. Stépán et al. compared
a conventional end mill with one with unequal helix angles and one with serrated flutes [Sté14].
They showed that the end mill with serrated flutes increased process stability for almost all in-
vestigated spindle speeds. Although there exist no direct comparison, the process stability which
can be obtained by chamfered cutting edges [Sel12b] probably can be even higher as for serrated
cutters [Den10]. The effect leading to an increase of stable cutting conditions is fundamentally
different between these two types of tool concepts. Chamfered flutes do not affect the time delay,
but, as stated in Chapter 1, may induce process damping forces.
There exist patents for similar concepts of end mills which have different kind of flutes for roughing
and finishing [Kau87, Ser01, Pol06], as shown in Fig. 2.1. The roughing flutes of such end mills
are serrated to ensure a stable process. However, to the best knowledge of the author, there exist
currently no similar tool concept with chamfered flutes for roughing and sharp flutes for finishing.
Since chamfered flutes allow a higher process stability increase compared to serrated flutes, it is
assumed that this tool concept can achieve a higher productivity.
IFW©  Gra/72777
roughing flute
finishing flute
Fig. 2.1: End mill with different flute shapes for roughing and finishing operations (Iscar
Finishred, D = 16 mm).
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2.2 Process Dynamics Modeling of Milling Operations
In many scientific fields, e.g. biological systems [Hem00, Kat02, Muk05], control theory
[Cah05, Var07], computer science [Olg97, Tan07] or machining technology [Tob61], the behav-
ior of dynamic systems is described by delayed differential equations (DDE) [Hen08]. Milling
processes can be modeled mathematically by means of a time-delayed linear second order dif-
ferential equation:
Mq¨ (t) + Dq˙ (t) + Kq (t) = Fper (t) + Q (t)
(
q (t – θ) – q (t)
)︸ ︷︷ ︸
= Fdyn (t, θ)
(2.1)
The left part of Eq. 2.1 consists of the dynamic structure components of the system with the
modal mass, damping and stiffness matrices M, D and K, respectively 1:
M = I(w,w) ◦
(
J(w,1)
[
mw,x mw,y mt,x mt,y
] )
(2.2)
with the identity matrix I , the matrix of ones J and the modal masses of
workpiece in x-direction : mw,x =
[
mw,x1 mw,x2 · · · mw,xk
]
workpiece in y-direction : mw,y =
[
mw,y1 mw,y2 · · · mw,yl
]
tool in x-direction : mt,x =
[
mt,x1 mt,x2 · · · mt,xm
]
tool in y-direction : mt,y =
[
mt,y1 mt,y2 · · · mt,yn
]
.
(2.3)
w is the total number of oscillators w = k + l + m + n. The matrices D and K have the same
structure as M. q (t) contains all oscillators of the modal system:
q (t) =


xw,1 (t)
xw,2 (t)
...
xw,k (t)

T 
yw,1 (t)
yw,2 (t)
...
yw,l (t)

T 
xt,1 (t)
xt,2 (t)
...
xt,m (t)

T 
yt,1 (t)
yt,2 (t)
...
yt,n (t)

T

T
(2.4)
The right part of Eq. 2.1 consists of the periodic and dynamic force components Fper (t) and
Fdyn (t, θ), respectively. Q (t) represents the time-variant cutting force contribution, which de-
pends on the cutting force coefficients, process parameters and tool geometry. For an end mill
with one tooth, Q (t) is periodic with one tool rotation and spindle speed, respectively.
1symbol ◦: Hadamard matrix multiplication [Eis70, p. 42]
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.. .
q(t)
q(t)q(t)q(t)
Q(t)
K
D
M-1
q(t-θ)
f(q(t))
f(q(t-θ))
F(t,θ)Fper(t)
Fdyn(t,θ)
hdyn(t) = f(q(t),q(t-θ))
-
-
dynamic components feedback 
process
force 
components
primary feedback path 
(outer modulation)
regenerative feedback path 
(inner modulation)
Fig. 2.2: Block diagram of the milling process including the regenerative effect (feedback
process based on [Mer65]).
An interpretation of Eq. 2.1 as a block diagram is shown in Fig. 2.2. The feedback process
block illustrates how the uncut chip thickness h (t) changes due to the dynamic system behavior.
As stated in [Lac09, p. 109], the chip thickness model, the cutting force model and the system
dynamics are the three main components to model milling operations. The chip thickness can
be described as follows:
h (t) = hper (t) + hdyn (t) (2.5)
hper (t) is the periodic part and results from the predefined process parameters. If stability is in-
vestigated based on the Semi-Discretization (SD) method [Ins02], the periodic force part hper (t)
can be omitted [Ins03a]. The pertubed or dynamic part hdyn (t) is a function of the current dis-
placement between the tooth in cut and workpiece f (q (t)) and the displacement of the previous
tooth in cut f (q (t – θ)) with the time-delay θ. In the following, it will be explained how the stability
of the system from Eq. 2.1 can be predicted.
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transforming into first-order
expansion of the system vector
solution
piecewise spatial averaging of 
time-periodic state and input matrix
discrete time-variant state-space representation:
discrete time-invariant state-space representation:
second-order linear delay differential equation:
2
1
3
expanded solution
5
applying Floquet theory
periodic product of the expanded solution
6
time-discrete solution:
4
.. .
Mq(t) + Dq(t) + (K + Q(t))q(t) = Q(t)q(t - θ)
x(td+1) = A(td)x(td) + B(td)q(td - θ)
x(td+1) = Adx(td) + Bdq(td - θ)
xexp(td+1) = Фexp,d(td)xexp(td )
xexp(td+1 + tper) = Фexp,per(td)xexp(td )
x(td) = eAd(td - td-1 )x(td-1) +    eAd(td - t)Bdq(td - θ)dt
td-1
td
Fig. 2.3: Overview of the main transformation steps to predict the stability of the initial DDE.
Fig. 2.3 shows which transformations are necessary to predict the stability of milling processes
with the SD method. A detailed description can be found in [Sel12a, p. 21 ff.]. Step 1 is the
definition of the system (Eq. 2.1). The initial differential equation is most ofteny transformed
into a first order time discrete differential system (step 2). The state and input matrix A (td) and
B (td), respectively, are time-variant. In case of constant process parameters, the milling process
is periodic. Hence, a property of the Floquet Theory [Flo83] can be applied, which allows to
substitute the time-variant matrices by td-piecewise constant values. Thus, the equation shown
in step 3 is only valid for the discrete time step td. The solution for this equation is shown in
step 4 [Ack83, p. 135]. In step 5, the solution x (t) is expanded, which allows to integrate the
time-delay θ into the expanded solution xexp (t) [Ack83, p. 136f.]. The transition matrixΦexp (td)
contains the state and input matrices and is also time-periodic. As shown by Farkas, the Floquet
theorem can be applied onto DDE [Far94], which allows to expand the solution onto the length
of one period tper, as shown in step 6. The eigenvalues of the transition matrixΦexp,per (td) for
one period contain the information if the system is stable for the given process parameters.
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Fig. 2.4: Representation of the stability behavior of milling processes based on a stability lobe
diagram from [Gov05] and wavy surface generation as shown in [Tlu86, Alt04].
The information about the stability behavior can be represented as so called stability lobe di-
agrams [And61], as shown in Fig. 2.4. Based on such diagrams, process parameters can be
identified for which a stable system behavior is present. In this respect, an increase in productivity
can be accomplished. Smith and Tlusty showed that if the tooth passing frequency ft equals an
eigenfrequency of the system, stable cutting with the highest possible axial depth of cut ap can
be achieved [Smi90]. At these spindle speed positions, the inner and outer modulation (Fig. 2.2)
have no phase shift [Alt04]. For very simple dynamic systems with only one eigenfrequency, the
corresponding spindle speed position n can be calculated as follows:
n =
f
N
(2.6)
f represents an eigenfrequency of the system and N is an integer number of waves, as shown
in the bottom part of Fig. 2.4. With increasing spindle speeds, the wave number decreases. In
case of a system with multiple eigenfrequencies, the prediction of the local maximum stability
limit cannot be derived by superimposing the stability limits of the single modes [Ins04]. In such
a case, Eq. 2.6 is not applicable.
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2.3 Influence of Tool Geometry and Process Forces on Process Dynamics
In the first part of this chapter, it is shown how the spatial arrangement of the individual cutting
flutes (macro geometry of the tool) influence the process forces and the dynamic process be-
havior. It is shown how several geometrical adjustments can be made to optimize the reciprocal
dependencies of the cutting flutes. This information can be used for an enhanced tool design
based on the machining process.
In 1897, Fischer already mentioned that the geometry of the cutting edge (micro geometry of
the tool) has an effect on the resulting cutting forces [Fis97]. In the second part of this chapter,
the influence of the cutting edge shape on process forces as well as stability is shown.
2.3.1 Macro Geometric Tool Attributes
An unstable cutting behavior can be caused by mode coupling or the regenerative effect [Tlu81].
The former is based by the fact that the system vibration can be formed by multiple modes with
different amplitudes and a phase shift [Gas98]. The latter is caused by the dynamic variation of the
instantaneous chip thickness, as shown in Fig. 2.2. The regenerative effect can be attenuated by
various tool geometry adaptions which cause a variation of time delays, as illustrated in Fig. 2.5.
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Fig. 2.5: Variation of the cross-section of the machining area Aj and tooth path Sj, respectively,
due to the variation of tooth pitch and tooth radius.
In case of an ordinary tool, the teeth have the same tooth pitches (p1,3 = p2,1 = p3,2) and the
same radial distance from the tool center point (r1 = r2 = r3), as shown in Fig. 2.5 a). Thus, each
tooth is subjected to the same load during themachining operation. However, no geometric based
disturbances of the regenerative effect can be achieved. One option to change time delays, and
thus, disturb the regenerative effect, is the usage of unequal tooth pitches [Sla65, Van65, Opi66,
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Zat14], as shown in Fig. 2.5 b). This causes unequal loads, as it can be seen from the machining
areas Aj for all j teeth. A larger (smaller) tooth pitch between a tooth j and its preceding tooth j – 1
also means a larger (smaller) machining area Aj, and thus, a higher (lower) load. Another method
to disturb the regenerative effect can be achieved by unequal tooth radii rj, as illustrated in Fig. 2.5
c). In the shown example, the tooth z2 is recessed. This leads to a later entry and an earlier exit of
the tooth into and out of the workpiece, respectively. Furthermore, the actual feed per tooth fz for
this tooth is reduced by the radial offset (r1 – r2). This also leads to the situation that the following
tooth z3 needs to remove more material. At the beginning and ending of its immersion, the tooth
z3 removes the material left behind by tooth z1. It follows that at these immersion ranges, the
time delays results from the tooth pitch p3,1 which is formed between the teeth z3 and z1. In order
to depict the length of the entry and exit immersion ranges as accurately as possible, modeling of
the trochoidal tooth path is recommended. While unequal tooth pitches change time delays of a
tooth for the entire immersion range, unequal tooth radii lead to a sudden change of time delays
near the entry and exit positions. Both geometric adaptions can also be combined, as shown
in Fig. 2.5 d). A suitable choice of the tooth pitches and the radial offsets can compensate the
unequal load distribution between the teeth.
A further possibility to cause a disturbance of the regenerative effect is to vary the tooth pitch or
radial offset along the z-axis, as shown in Fig. 2.6.
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The varying radii in case of a) serrated flutes have an influence on the duration of the time delay
changes at the entry and exit immersion position [Cam02, Koc13]. Assuming a constant tooth
pitch, the number of possible time delays equals the number of flutes for such endmills. Changing
time delays arise in case of b) end mills with unequal helix angles δ [Sto70, Tur07, Tak13]. The
unequal tooth pitches increase in axial direction, and thus, the time delays change as well.
For the prediction of the process stability of the hybrid tool, it is necessary to implement varying
time delays during the immersion path (Fig. 2.5) as well as along the z-axis (Fig. 2.6). As stated
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in [Sch09, p. 220], the impact of the presented geometrical changes on stability depends on the
machining system. As already mentioned, these geometrical changes have no effect if chatter
is caused due to mode coupling [Tlu83]. A further possibility to increase stability, even in case
of mode coupling chatter, is the change of the cutting edge shapes, as it will be described in the
following.
2.3.2 Correlation of Cutting Edge Shape and Process Damping
It is well known that for very low cutting speeds the tendency of machining instability often de-
creases [Keg69]. Kegg summarized observations of low speed stability from various authors and
for a wide range of turning andmilling operations andworkmaterials [Keg69]. This velocity depen-
dent phenomenon, also known as process damping, arises when the clearance face and the work
material interfere, causing a large amount of plastic flow and energy dissipation [Coo55, p. 39].
The contact between clearance face and work material, and thus, the resulting process damping
force mainly depends on the shape of the cutting edge and the wavy workpiece surface, as illus-
trated in Fig. 2.7.
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The waviness of the just cut work material is caused by the vibration of the tool and/or the work-
piece, which leads to the regenerative effect (Fig. 2.2). If the cutting edge is sharp, a contact is
solely caused by an elastic rebound of the work material [Coo59]. Large nose radii, large wear
lands and small clearance angles are decisive for the indentation [Coo55, p. 56]. Tlusty con-
firmed that the use of tools with worn flank faces decrease vibrational amplitudes [Tlu78]. Similar
to worn cutting edges [Ahm12, Alt08, Tyl13], rounded cutting edges lead to higher process stabil-
ity at low cutting speeds as well [Tlu86, Bud10, Tun12]. Same applies for tools with low clearance
angle, or alternatively, with a chamfer between the cutting edge an the flank face, defined by the
length of chamfer bf and the chamfer angle αf [Lan05]. It must be noted that the interference load
can strongly differ between the mentioned cases. It was shown in [Che88] that normal and shear
stresses during cutting of AISI C1050 with a grind-on chamfered flank in comparison to a natural
flank wear (with irregular wear land, grooving and crater wear) can be twice as high.
In order to estimate the process damping force, the contact between the cutting edge and the
workpiece is modeled as an indentation area Apd between the cutting edge and the workpiece
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[Lee95, Ran99, Ahm11a, Gur16]. Depending on the shape of the cutting edge, the resulting in-
dentation area changes. Wu proposed the following approach to model process damping forces
[Wu89]: [
Fr,pd (t)
Ft,pd (t)
]
=
[
1
μpd
]
KpdApdap (2.7)
The process damping force in radial direction Fr,pd is equal to the process damping force in tan-
gential direction Ft,pd multiplied by a friction coefficient μpd. Kpd is the process damping coeffi-
cient. There exist various approaches for the determination of the value of Kpd. One of the known
methods is based on the analysis of experimental stability charts. By comparing stability at low
cutting speeds of tools with different levels of worn flank faces , the influence of process damping,
and thus the value of Kpd, can be estimated based on the resulting stability limit [Bud10, Tyl13].
Wu estimated the value for Kpd based on material-specific properties [Wu88]. The mechanism
of process damping can be illustrated by means of Fig. 2.8.
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Depending on the cutting edge position, the indentation area Apd varies and even disappears
at some positions [Tlu78]. There are detailed approaches for modeling the indentation area for
different cutting edge shapes as precisely as possible [Elb94, Ran99, Rah09, Ahm10, Ahm11b].
These methods are especially suitable for time-domain simulations, where the information of the
workpiece surface representing the indentation area can be stored and retrieved with reasonable
computational effort. It is important to note that the idea of an ideal indentation area is merely a
simplification of a complex mechanism [Ahm10]. Therefore, Chiou and Liang proposed a simple
method to approximate the indentation area Apd for tools with flank wear [Chi98]. The worn tool
edge was assumed to have a clearance angle α of 0◦. This model can be extended in order to
approximate the interference for tools with chamfered cutting edges. Thus, the indentation area
Apd is approximated as followed (based on [Chi98], compare with the graphic on the right in Fig.
2.8):
Apd =
1
2
b2f tan
(
αf – αv (t)
)
(2.8)
αv (t) describes the gradient of the workpiece waviness (inner modulation) at the current postion
of the cutting edge. According to Fig. 2.2, the inner modulation equals q (t). Thus, the gradient
equals q˙ (t). This illustrates the velocity dependence of the process damping effect. Therefore,
theoretically it adds to the structural damping term in Eq. 2.1. The distance of the peaks and
valleys results from the effective dominant eigenfrequency and the cutting velocity vc. In case
of low system eigenfrequencies and high cutting speeds, this leads to a reduction in possible
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overlaps [Wu89], as it can be derived from Fig. 2.4. This is also the reason why the positive
effects of the process damping on the stability is often associated with low cutting speeds, as
shown in Fig. 2.9.
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However, Sellmeier andDenkena showed that for a systemwith at least one additional and equal
dominant high eigenfrequency mode, the effect of damping also occurs at high cutting speeds
[Sel12b]. If such a high frequency mode is excited, the distance of the peaks and valleys of the
wavy surfaces are reduced which leads to an increased interference [Bud10]. Consequently,
the stability limit ap,lim is considerably higher even for high cutting speeds. The local minimum
occurring for the shown stability limits is also worth mentioning. This is due to a speed-dependent
influence of the process forces. For Tlusty’s analysis of turning Ck45N steel and small tool
wear, this minimum occurred at approximately vc = 50 m/min [Tlu78]. In [Sel12b], tools with
chamfered cutting edges are used for milling of Al 7075 T651 and a minimum at rather high
cutting speeds at approximately n = 6, 000min–1 or vc = 376m/min occurs. It is not clear if speed
varying cutting forces or dynamical effects lead to this decrease. For reasons of productivity and
increasingly powerful machine tools, the consideration of higher cutting speeds is of economic
and scientific interest. However, with increasing cutting speeds, additional factors, especially heat
development, have an influence on the process forces, as it will be shown in the next section.
As already mentioned, the idea of an indentation area is a simplification of a complex process.
The alreadymentioned elastic rebound of the work material for sharp cutting edges and the result-
ing contact with the clearance face also applies for worn and chamfered cutting edges [Wal99].
Thus, it is assumed that there is a plastic as well as an elastic flow region of the workpiece near
the cutting edge and further away from the cutting edge, respectively [Wal99, Smi00, Sel12b].
In [Sel09] process forces of sharp and chamfered cutting edges were exposed to adjustable vi-
brations. Even in case of no vibrations, and thus, no inner modulation, the process forces of the
chamfered cutting edges were higher compared to sharp cutting edges. This might be caused
by a solely elastic contact between the chamfered area and the workpiece and it is not clear if
this additional non speed-dependent load actually contributes to damping. Furthermore, large
portion of the interference energy leads to an increase of heat at the interface and consequently
to a softening of the tool and workpiece [Abd73]. Depending on the process parameters, e.g.
cutting speed vc and feed velocity vf, it can be assumed that this should also influence process
damping and the cutting force.
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2.4 Disturbance Factors on Stability and Surface Finish
A decreased surface quality as well as an unfavorable dynamic behavior can be caused by vari-
ous disturbances. Especially runout error is of importance during machining with the hybrid tool,
as this disturbance interferes with the the radial offset ΔR of the roughing flutes. This can ad-
versely affect both roughing and finishing. A further disturbance is caused by tool deflection,
which influences the topography of the machined workpiece. The desired workpiece geometry is
also negatively affected by burr formation. In this context, the occurring thermal load during the
cutting process is of interest, as it favors burr formation and may influence the process forces in
general.
2.4.1 Tool Runout
Apart from the already mentioned intentional force variation techniques (Chapter 2.3.1), force
variations can result from errors in the tool setting. These unintentional influences can in principle
lead to the situation that the radial position of the recessed roughing flutes of the new hybrid tool
may increase. This can cause an unwanted contribution of the roughing flutes on the surface
finishing. Therefore, the occurrence of this situation must be prevented.
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Fig. 2.10: Tooth radii and tooth pitch variation in axial direction due to radial runout (based on
[Arm89]).
Radial runout is the result of a parallel offset between the tool and rotation axis, leading to an
eccentricity as shown in Fig. 2.10. The most common tool setting errors are radial and axial
runouts [Kli83]. Axial runout is defined as the tool axis tilt to the rotation axis. In this context, the
tool clamping cause the dominant error shape in the tool motion [Krü13]. If side-lock-type chucks
(Weldon chucks) are used, e.g., an eccentricity can be caused by its one-sided clamping principle.
In [Ari09] a detailed description of the influence of runout on the surface topography can be found.
Wan et al. investigated different axial and radial runout models [Wan09]. They concluded that
the consideration of only radial runout is sufficient to reach good agreement between modeled
and experimental process forces. Likewise, Wang and Liang stated that the magnitude of axial
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runout is small in relation to the axial depth of cut ap [Wan96], and thus, can be neglected.
Radial runout is characterized by two parameters (Fig. 2.10, detail A): runout offset ρr and runout
location angle λr. The offset between the tool center point ct and the center of rotation cr, as
illustrated on the right side in Fig. 2.10, leads to unequal tooth pitches and tooth radii, similar to
the bottom right case from Fig. 2.5. For end mills with helical flutes, tooth pitches and tooth radii
vary along the z-axis. Thus, besides negative effects like surface errors and increased wear, the
dynamical behavior of the machining process is influenced [Kli83]. The periodicity of the system
is changed and the resulting chatter frequencies shift from tooth passing frequency to spindle
rotation frequency [Ins08]. Insperger et al. [Ins08] investigated the influence of tool runout
on stability in case of low radial immersion conditions and a straight fluted tool (δ = 0◦). They
modeled runout by adding a factor, which may differ for each tooth, to the dynamic force matrix Q
for stability simulation based on the SDmethod. Schmitz et al. [Sch07] investigated the influence
of runout on process stability based on time-domain simulations. Their results show that in case
of low radial or axial immersion conditions, runout can have a negative effect on stability if the
additional frequency content at spindle rotation frequency and its harmonics coincide with one of
the system natural frequencies.
Lee determined a runout offset of ρr = 47µm for his experiments [Lee07]. The change of the tooth
path trajectories can lead to an increase or decrease of the radial immersion ae. This also leads
to an influence on the theoretical surface roughness Rth, as described in [Hon95]. The resulting
surface topography shows that the period of the typical cusped surfaces in milling increases and
does not equal the feed per tooth fz, as shown in [Sch07]. Furthermore, the change of ae has an
influence on the prediction of the specific process force coefficients. Grossi et al. implemented
runout error in their model for the prediction of the coefficients [Gro15]. Furthermore, as shown
in [Ma16], tool runout can lead to time delay changes.
2.4.2 Flank Face Deformation Error
Shirase et al. investigated how an irregular tooth pitch of an end mill affects the tool deflection,
and thus, the flank face or surface deformation error of the workpiece [Shi96]. They showed in
their investigations that the varying chip load of each flute due to the irregular tooth pitch can lead
to a reduced deformation error. Based on these findings, it can be assumed that a radial offset
of cutting flutes also has an effect on the surface deformation error. In addition, the influence of
runout also needs to be considered. It can be assumed that the surface deformation error has
a more significant influence on the surface quality than the kinematic roughness. In analogy to
turning [Tön13, p. 354], the theoretical or kinematic roughness Rth for flank milling operations
can be calculated as
Rth =
D –
√
D2 – f2z
2
. (2.9)
For a one fluted end mill with a diameter of D = 20mm and a feed per tooth of fz = 0.28 mm, this
results in a theoretical roughness of Rth = 0.98 µm. In comparison to this, the influence of the
tool deflection during the machining operation on the resulting surface topography is significant
higher. Thus, the consideration of tool deflection is of importance for finishing operations.
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Hann investigated most of the common influential factors on tool deflection, e.g. feed per tooth fz,
axial immersion ap and the number of teeth simultaneously in cut [Han83, p. 20 ff.]. An example
of his results is shown in Fig. 2.11.
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Fig. 2.11: Influence of radial immersion ae and tool rotation (up- and down-milling) on surface
topography of the workpiece [Han83, p. 59 f.].
The left workpiece shows themeasured surface topography after up-milling with decreasing radial
immersion ae in feed direction vf. A tendency of increased material removal can be observed.
The right workpiece shows a similar example for down-milling. Themeasured surface topography
shows a reduced material removal. The decisive factor for tool deflection, and thus, surface
deformation errors is the feed normal force [Han83, p. 20]. In up-milling, the force in normal
direction supports the penetration of the cutter into the workpiece. As a consequence, during up-
milling more material than desired is removed and therefore an increase of the process forces can
be assumed. The opposite behavior can be observed in down-milling. Generally, the deflection is
larger in case of down-milling. The reasons are higher feed normal forces and the fact that the tool
deflects away from the workpiece without any resistance from the workpiece, as it is the case in
up-milling [Bud94]. In general, it can be stated that with the usual cutting conditions for finishing,
a better surface quality can be achieved with down-milling [Lan04, Mic14]. For the prediction of
the tool deflection and surface deformation error, the tool is usually modeled as cantilever beam
[Bud94, Des12, Bha14, Krü14]. This approach requires at least the knowledge of the material
properties of the tool and its stiffness.
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2.4.3 Burr Formation
Burr formation often occurs during machining. It can cause an impairment of the functionality
of the machined surface and often a deburring process needs to be carried out, which is time-
consuming and expensive [Aur09]. The most common burr types that occur during milling are
shown in Fig. 2.12 a).
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Fig. 2.12: a) Possible types of burr in milling [Gil76, Has99] and b) influence of machining
parameters on burr formation based on a FEM simulation of micro milling [Dav17].
Additional common burr formations, e.g. during the tool entry into the workpiece, are described
in [Aur09]. Rollout burr can occur by a bending of the chip at the exit [Gil76]. Side and top burrs
are formed mainly at the exit position due to the shearing of the workpiece material by the minor
and major cutting edges [Has99]. Furthermore, shearing can cause top burr.
Apart from the ductility of the machined workpiece, formation of burrs mainly depends on the tool
geometry and the process parameters. Rounded cutting edges induce a thermo-mechanical load,
which increase shearing, and thus, burr size [Den12]. Same applies for chamfered cutting edges
[Jin08]. Groppe investigated end mills with chamfers on the flank face and showed that a larger
chamfer length bf and a small chamfer angle αf (Fig. 2.8) increase burr formation [Gro06, p. 103].
A chamfer can increase the pressure between the cutting edge and the workpiece. This causes
an elastic and thermal expansion of the machined surface [Gil76], which leads to burr formation.
The influence of the process parameters on the burr formation is shown in Fig. 2.12 b). It shows
finite element method (FEM) simulations carried out by Davoudinejad in order to analyze burr
formation in micromilling of aluminum 6061. Top burr formation is visible in both shown examples.
However, the reduction of the feed per tooth fz as well as the cutting speed vc noticeably reduces
the plastic strain, and thus, the burr size [Dav17]. Similar results are reported in [Gro06, p. 103]
for machining aluminum 7075 for end mills with chamfered cutting edges.
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2.4.4 Thermal Load
Most of the cutting energy in machining is dissipated as heat [Tön13, p. 86]. In this respect, dur-
ing the machining process, both the tool and the workpiece are exposed to a high thermal load.
The thermal stress depends in particular on the process parameters. Lauro et al. measured the
heat development of a Al 7050 workpiece during milling with a thermal imaging camera [Lau13].
They investigated the influence of the cutting direction (up- and down-milling), radial immersion
ae, cutting velocity vc and feed per tooth fz and concluded that the latter has the most significant
influence on rising temperatures. Although higher feed rates lead to increased process forces,
the heat flux into the workpiece at the machining position is reduced due to the faster tool move-
ment. An example of the correlation between the feed rate fz (analogous to chip thickness h in
case of orthogonal cutting) is given in Fig. 2.13 for different tool edge geometries.
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on process forces [Fan05].
As it can be seen, Fang andWumeasured lower process forces with increasing cutting speeds vc.
The explanation for this correlation is a strain rate reduction in case of increasing cutting speeds,
which changes the necessary plastic deformation [Sub13]. Uhlmann and Rasper showed that
the process forces decrease if a Al 7075 workpiece is pre-heated up to 100 ◦C or if the cutting
speed is increased [Uhl11]. They showed that the decreased forces also lead to higher process
stability. However, different conclusions for the correlation between the cutting speed and heat
generation during milling of aluminum can be found in literature. Davies showed that the corre-
lation actually depends on the aluminum alloy [Dav90]. For example, in case of Al 6061 T651
and Al 2024 T351 cutting forces decreased with higher cutting speeds while an increase of the
cutting forces was observed by the author for Al 2011 T3. The correlation may also change in
case of heat treatment, as shown in [Dem09] for Al 6061. In case of 7075 T6, Subramanian et
al. showed that an increase of the cutting velocity cause an almost linear decrease of the pro-
cess forces [Sub13]. As shown in Fig. 2.13, the cutting forces also depend on the cutting edge
geometry [Fan05]. In this example, the cutting edge with a chamfered rake face produces forces
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that are more than twice as high as in case of the honed cutting edge. In this context, Tang et
al. showed that increasing flank wear leads to rising temperatures in the workpiece 7050 T7451
[Tan09]. Sellmeier investigated the influence of the flank face chamfer width bf and chamfer an-
gle αf on the resulting process forces or process force coefficients [Sel12a, p. 84f.]. He observed
a significant increase of the frictional force components with high values for bf and increasing feed
per tooth fz in comparison to sharp cutting edges. However, the influence of vc on the process
temperatures during machining with cutting edges with chamfered flank faces is unknown.
Additionally, the contact between the chamfered area of the cutting edge and the workpiece in-
creases frictional forces. Thus, compared to sharp cutting edges, it can be assumed that an
increased amount of heat energy is induced into the workpiece. For aluminum alloys this may
lead to thermally induced local structural changes, known as soft spots [Wei99, p. 95 f.]. Usually,
these local areas have a significant reduced strength [Dav94, p. 336]. As stated by Davies, if soft
spots occur during the machining of thin-walled airplane components, the machined workpieces
are sorted out afterward. Hence, if for such machining tasks chamfered cutting edges are used
to increase stability, thermal effects needs to be considered.
2.5 Conclusions on the State of the Art
Roughing and finishing tools are designed according to their field of application and with the con-
sideration to achieve low machining costs. Furthermore, there exist end mills which are designed
for roughing and finishing operations. Depending on the state of the final workpiece after ma-
chining, these end mills can reduce the machining costs by lifting the need to use different tools
for both machining operations. In comparison to the existing tool concepts, the novel hybrid tool
allows to increase process stability during roughing by using flutes with chamfered cutting edges.
The flutes are recessed in order to keep them out of cut during finishing. Additional sharp cutting
flutes without chamfers generate the final surface.
High removal rates in case of roughing carry the risk of chatter vibrations. With mathematical
models based on differential equations, it is possible to predict the machining behavior of an end
mill. This allows to identify process parameters which yield a stable machining process and high
removal rates at the same time. Furthermore, the influence of the geometrical attributes of an
end mill are also taken into account for the stability prediction. Thus, it is possible to design an
end mill which is optimized for a specific machining task.
Depending on the process parameters, macro geometric tool attributes, e.g. unequal helix angles
and unequal tooth pitches, can disrupt the regenerative effect, which yields higher process sta-
bility. Stability can be even more increased if the cutting edge shape of the tool induces process
damping. This is possible with rounded as well as worn edges. The highest stability increase is
gained by cutting edges with a chamfer on the flank face.
However, the mentioned macro geometric variations of the tool shape as well as chamfered cut-
ting edges may deteriorate the final surface quality. Tool runout changes the actual position of
the end mill teeth. This has an influence on the process dynamics. Additionally, in case of the
novel tool concept, this can lead to a contact of the chamfered flutes with the final surface during
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finishing. Furthermore, the variation of the geometric attributes of the tool affects the cutting con-
ditions, e.g. the number of flutes which are currently in cut. As a result, the deformation error of
the machined flank face may increase. Another important factor with regard to surface quality is
burr formation. Burr can cause an impairment of the functionality of the machined surface. A re-
duction of the feed velocity and cutting speed often helps to prevent burr. Rounded cutting edges
lead to an increased contact with the workpiece. Thus, a thermo-mechanical load is induced into
the workpiece which increases burr formation. Same applies for chamfered cutting edges. Fur-
thermore, in case of aluminum machining, this may lead to local areas with a significant reduced
strength. Such local soft spots often leads to a reject of the machined workpiece.
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The scientific motivation for this work results from the known increase of process stability if
chamfered cutting edges are used for the machining of aluminum alloys. End mills with such
cutting edges are usually considered only for roughing operations due to the resulting surface
roughness and burr formation. The tool concept consists of a combination of sharp cutting edges
and chamfered cutting edges with a radial offset. Thus, this tool can be applied for roughing as
well as finishing operations. The essential features of this tool concept for a 4-fluted end mill are
shown in Fig. 3.1.
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Fig. 3.1: Process optimized development of tool micro geometry
Both diametrically arranged flutes are identical. The finishing flutes z1 and z3 have sharp cutting
edges and the roughing flutes z2 and z4 have chamfered cutting edges. The chamfered cutting
edges contribute to process stability while the sharp cutting edges, due to the radial offset ΔR
of the chamfered cutting edges, form the final surface with low roughness and burr formation.
The roughing and finishing ability, respectively, depends on the geometrical design of the tool.
The adjustment of the geometric properties must be carried out according to the machining
process requirements. A low radial offset of the roughing flutes may increase the achievable
process stability. In case of unfavorable runout errors or tool deflection, a low radial offset may
lead to the situation that the roughing flutes contribute to the finishing process. This affects the
achievable surface quality. Based on the novel geometrical properties of the hybrid tool, the
following hypothesis is stated:
By using an end mill with the proposed formation of roughing and finishing flutes (Fig. 3.1),
roughing operations can be carried out with enhanced process stability without undermining the
finishing ability.
From this hypothesis and the novelty of the proposed hybrid tool, the main aim of this
thesis is derived:
• Simulation based investigation of a hybrid end mill with roughing and finishing flutes.
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The achievement of the main objective is ensured by accomplishing the following subgoals:
• Mechanistic modeling of process forces with consideration of precise flute paths and in-
cluding radial offset and runout.
• Dynamic modeling for process stability prediction.
• Model based estimation of the machining behavior by identifying significant parameters
and influencing factors.
• Design recommendation based on experimental evaluation.
Accordingly, this thesis is structured on the basis of these subgoals, as shown in Fig. 3.2.
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Fig. 3.2: Schematic representation of the approach to reach the main objective.
The first task is the derivation of a mathematical model of the machining system to predict
the mechanistic and dynamic behavior of the machining process. Using mathematical models,
a basic understanding of the relationships between the geometric shape of the hybrid tool and
the resulting immersion conditions of the individual cutting flutes is acquired. From this, in turn,
the process forces can be identified based on empirical force coefficients. Finally, this allows the
prediction of the process stability. Known mathematical models for the stability prediction are
extended to account for the time-delay changes which result from the immersion conditions of
the hybrid tool. Process stability is determined using two methods. With the semi-discretization
method, the stable areas can be determined unambiguously and with reasonable computing time
based on an eigenvalue analysis (eigenvalue method). However, this approach does not consider
nonlinear effects, which occur during the milling process. Therefore, a model for the simulation
of the milling behavior in time domain is derived additionally.
The second task deals with the model based estimation of the machining behavior. It is in-
vestigated which influences, e.g. the radial offset of the chamfered cutting flutes or a runout error,
may affect the mechanistic or dynamic behavior. Furthermore, it is also examined whether the
shape of the machined surface deformation can be predicted solely based on the geometry of the
tool and the resulting forces. Thus, during tool development the influence of the tool geometry
on the surface deformation can be taken into account. This contributes to the evaluation of the
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finishing ability of the new hybrid tool. The assessment of the significance of the input parame-
ters and influencing factors on the mechanistic and dynamic behavior is based on experimental
findings from the literature. The results of these investigations serve as a guideline for carrying
out the experimental investigations for the evaluation of the machining behavior of the new hybrid
tool.
For the experimental evaluation, as the third task, the hybrid tool is compared to a tool that has
only sharp flutes and a tool that only has chamfered flutes. First, the process forces of these
tools are compared with each other in preliminary investigations. Furthermore, the required input
variables (process force coefficients and modal parameters) are determined for the calculation of
the stability charts. For the process stability investigations, hybrid tools with different radial offsets
are considered. Finally, a comparison is made between the tools with regard to the achievable
final workpiece quality. This includes the investigation of burr formation and surface deformation
of the flank face. Additionally, a comparison between the heat generation during milling with
sharp and chamfered cutting flutes is also considered, to investigate the influence of chamfered
cutting edges on the heat input into the workpiece.
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Each flute of the hybrid tool can have a unique shape, i.e. different radial offsets, sharp or cham-
fered cutting edges. Therefore, it is necessary to derive a process force model which takes into
account arbitrary flute geometries. In this context, an important aspect of the force modeling is
how the undeformed chip thickness is considered. The common method based on a circular flute
trajectory would compromise the impact of the unique geometrical attributes of the hybrid tool
concept on the modeled process forces as well as process stability prediction. Thus, the actual
trochoidal flute movement will be considered for the calculation of the undeformed chip thickness.
A new numerical method for the calculation of the undeformed chip thickness based on precise
flute paths is presented. A further factor which influences the process forces, and consequently
process stability, is tool runout. In order to take this into account, the same model as used in
Krüger is applied [Krü14, p. 54 ff.]. In the last section of this chapter, a new method to identify
the process force coefficients and runout based on a single cutting test is presented.
4.1 Generalized Process Force Calculation for Arbitrary Flute Geometries
Force modeling techniques can be classified into mechanistic, analytical, numerical and hybrid
models [Arr13]. Analytical models are quite complex and in most cases they are only valid for a
unique machining problem. An extensive summary and critical examination of literature deal-
ing with the analytical modeling of cutting forces and it drawbacks is provided by Astakhov
[Ast05, Ast06]. Similar challenges apply for FEM based force prediction, which is limited by the
predefined physics and assumptions of the used software [Ast06]. Mechanistic models offer the
possibility to replicate the process forces of tools with complex geometric shapes based on em-
pirical force data [Arr13]. This data can also be used to make predictions how the forces change
if the end mill geometry, e.g. helix angle and tooth pitch, is modified. Therefore, the mechanistic
approach is the most suitable for the proposed new hybrid tool. It should be noted, however,
that for each new cutting wedge geometry, workpiece or tool material, additional experimental
investigations are necessary.
Fischer introduced a force model which considers shearing and ploughing effects separately
[Fis97]. This model was later adopted by several authors [Mon91, Bud96, Lee96, Gra04]. As
explained in [Gra04], this model has the advantage that it is suitable for analytical works, and
thus, will be used in the following. Due to the fact that the hybrid tool has cutting edges with
chamfered flank faces, the process damping model by [Wu89] will also be considered in the
modeling of the forces. Additionally, two extensions are necessary to obtain the forces of the
new proposed hybrid tool:
• Runout is of importance for the new tool concept (Chapter 2.4.1). As it can be seen in
Fig. 2.10, runout leads to a variation of tooth radii and tooth pitches in z-direction. Thus, a
discretization of the forces in z-direction is necessary. Same applies for tools with unequal
helix angles or serrated flutes.
• For ordinary endmills, the amount of material being removed by a cutting flute only depends
on the cutting path of the previous flute. In case of flutes with different radii, the removed
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volume may depend on multiple preceding flutes, even the current flute itself, as shown in
Fig. 2.5.
Taking into account these two points, the tangential Ft,j (t, zi), radial Fr,j (t, zi) and axial Fa,j (t, zi)
force components acting at an incremental height zd on the j-th flute, as shown in Fig. 4.1 a), can
be resolved into:Ft,j (t, zi)Fr,j (t, zi)
Fa,j (t, zi)
 = Nt∑
u=1

KtcKrc
Kac
 hj,u (t, zi) +
KteKre
Kae
 1sin(κj (zi))cos(δj (zi))
 gj,u (t, zi) zd, (4.1)
where Ktc, Krc and Kac are the cutting coefficients and Kte, Kre and Kae are the edge coefficients
in tangential, radial and axial direction, respectively. All input variables that change in the axial
direction are a function of the incremental axial position zi, which is defined as follows:
zi =
ap
Nz
i = zd i with {Nz ∈ N | 0 < Nz} and {i ∈ N | i ≤ Nz} . (4.2)
This fulfills the first necessary extension (discretization of the forces in z-direction). If the he-
lix angle does not change along the whole flute (δj = const.), the incremental tangential force
Ft,j (t, zi) can be defined as orthogonal to the z-axis. This does not apply for the cutting edge
position angle κj (zi), which varies along the z-axis, as shown in the detailed view in 4.1 a). In
this case, Fr,j (t, zi) and Fa,j (t, zi) change their orientation (compare Fr,j (t, zi=3) and Fa,j (t, zi=3)
with Fr,j+1 (t, zi=1) and Fa,j+1 (t, zi=1), respectively). The edge force components depend on the
actual flute length. Therefore, the flute length for each segment zi needs to be calculated. The
flute length depends on the discrete axial length zd, the cutting edge position angle κj (zi) and
the helix angle δj (zi), as visualized in Fig. 4.1 a). This is especially of importance if an end mill
has unequal helix angles, which leads to different cutting edge lengths along the axial position zi
[Gra04].
The summation over the number of flutes Nt is part of the second necessary extension. It sum-
marizes the contribution of all flutes to the resulting force of the j-th flute. The undeformed chip
thickness hj,u (t, zi) and the Heaviside step function gj,u (t, zi) from Eq. 4.1 are functions of the
summation index u: If flutes have different radii, hj,u (t, zi) and gj,u (t, zi) may depend on the posi-
tion of any of the previous teeth u, as shown in the bottom left example in Fig. 2.5. Thus, as a first
step, all theoretical possible undeformed chip thickness values for the j-th tooth are calculated.
For this purpose, the same derivation of hj,u (t, zi) as for tools with serrated flutes can be used
[Dom10]:
hj,u (t, zi) = fj,u (zi) sin
(
φj (t, zi)
)
+ rj (zi) – ru (zi)︸ ︷︷ ︸
= hper,j,u (t, zi)
+ Δηj
(
t – θj,u (zi)
)
– Δηj (t)︸ ︷︷ ︸
= hdyn,j,u (t, zi)
. (4.3)
As already mentioned in Chapter 2.2, hj,u (t, zi) consists of a periodic and a dynamic part
hper,j,u (t, zi) and hdyn,j,u (t, zi), respectively [Ins03b]. The dynamic part is decisive for the sta-
bility analysis by means of the SD method. In this context, the periodic part hper,j,u (t, zi) is of
interest to identify a possible engagement between a segment of a flute along the z-axis and the
workpiece material.
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Fig. 4.1: Dependence of the shape of the milling cutter on the resulting process forces.
An example of possible immersion conditions and the resulting uncut chip thickness of different
flutes is shown in Fig. 4.1 b). The first term of hper,j,u (t, zi) assumes a circular movement of the
flute, first presented by Fischer [Fis97]. The theoretically exact movement of a cutting flute cor-
responds to a trochoidal path. Compared to the circular flute movement, the immersion time of a
flute is slightly longer in the case of the trochoidal path. In addition, the position of the maximum
chip thickness is shifted and slightly larger than the feed per tooth. For reasons of clarity, the
circular path model is used in the following. A model for the calculation of the trochoid trajectory
is presented in the next section and a comparison of both path variants is made in Chapter 6.1.1.
The second term of hper,j,u (t, zi) considers the variation of flute radii. In order to make the pre-
sented derivations for the calculation of hper,j,u (t, zi) more comprehensible, the example for a
three flute end mill segment shown in Fig. 4.2 is used for clarification. The diagram in the top
shows all possible values for hper,1,u (t, zi). A full immersion operation is assumed. Due to the fact
that the third flute u = 3 is recessed byΔR = 200µm, the values of hper,1,3 (t, zi) for φ1 (t, zi) = 0◦
and 180◦ are > 0 mm. Whether a segment of the j-th flute is currently engaged is determined by
the Heaviside step function, as applied in Eq. 4.1.
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example in Fig. 2.5).
The value of gj,u (t, zi) is set by the following case distinction:
gj,u (t, zi) =
{
1 , φe ≤ φj (t, zi) ≤ φa ∧ min
(
Hj (t, zi)
)
> 0
0 , else.
(4.4)
φj (t, zi) is the immersion angle for the discrete axial segment position zi of flute j and is calculated
as follows:
φj (t, zi) = φ (t) – φj (zi) (4.5)
φj (zi) is the angular position of flute j, as shown in Fig. 4.1 c), and φ (t) is the current rotational
position of the tool. The value of φj (t, zi) must be in the range of the entry and exit angle φe and
φa, respectively. Additionally, the lowest value of the undeformed chip thickness vector
Hj (t, zi) =
{
hper,j,1 (t, zi) , . . . , hper,j,u (t, zi)
}
(4.6)
must have a value > 0 (hper,j,u (t, zi) > 0 mm). Otherwise, if the first condition is satisfied but not
the second, it follows that the radius rj (zi) of the j-th flute has such a high radial offset that the flute
is currently out of cut. In case of the hybrid tool, this offset is part of the tool concept. However,
this situation can also occur in the case of a runout error. The resulting values for g1,u (t, zi) are
shown in the bottom diagram in Fig. 4.2. For a regular tool, g1,3 (t, zi) has a value of 1 for the
whole immersion range. In this case, the radial offset of flute u = 3 leads to the situation that
for the immersion range from φ1 = 0◦ to ≈ 40◦, g1,2 (t, zi) has a value of 1 and g1,3 (t, zi) = 0.
Same applies from φ1 ≈ 140◦ to 180◦. For these ranges, the smallest values of the undeformed
chip vector H1 (t, zi) result from hper,1,2 (t, zi). This is also illustrated by the dashed line in the
upper diagramm of Fig. 4.2. From φ1 ≈ 40◦ to ≈ 140◦ the smallest undeformed chip thickness
is associated with hper,1,3 (t, zi), and thus, the value of g1,3 (t, zi) is 1. The resulting immersion
conditions for all flutes are also shown in the bottom left example in Fig. 2.5. As desired for
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the hybrid end mill, this mathematical model shows how the offset can affect the engagement
conditions of a cutting edge which enters or exits the workpiece.
Furthermore, the radial offset of a flute also affects the feed per tooth. In analogy to variable pitch
cutters, the effective feed per tooth fj,u (zi) may vary for every tooth [Eng99]. The effective feed
per tooth is calculated as follows:
fj,u (zi) = fzNt
pj,u (zi)
2pi
(4.7)
with the tooth pitch
pj,u (zi) = φu (zi) – φj (zi) + 2pi
(
1 –
⌈
φu (zi) – φj (zi)
2pi
⌉)
︸ ︷︷ ︸
ensures that 0 < pj,u (zi) ≤ 2pi
. (4.8)
Based on these derivations, hper,j,u (t, zi) can now be calculated. Furthermore, the derivation
of pj,u (zi) is used for the calculation of the time delays, which are necessary for hdyn,j,u (t, zi)
(Eq. 4.3):
θj,u (zi) =
1
n
pj,u (zi)
2pi
(4.9)
For stability prediction, the process forces must be transformed in order to correspond to the
right side of Eq. 2.1. The following steps are well known from the literature. Below is a brief
summary of the procedure from [Sel12a, p. 25 ff.], which is expanded by the hybrid tool specific
mathematical extensions.
According to Chapter 2.2, the dynamic behavior of the system is determined in a fixed Cartesian
coordinate system. Thus, a conversion of the forces from Eq. 4.1 is required:Ff (t)FfN (t)
Fp (t)
 = Nt∑
j=1
Nz∑
i=1
Tj (t, zi)
Ft,j (t, zi)Fr,j (t, zi)
Fa,j (t, zi)
 (4.10)
Ff (t) is the feed, FfN (t) the feed normal and Fp (t) the passive force. In the following, the feed
direction always corresponds to the x-coordinate and the feed normal direction corresponds to the
y-coordinate. The direction of the passive force corresponds to the z-coordinate. The coordinate
transformation is carried out by the rotational matrix
Tj (t, zi) =
cos(–φj (t, zi)) –sin(–φj (t, zi))sin(κj (zi)) –sin(–φj (t, zi))cos(κj (zi))sin(–φj (t, zi)) cos(–φj (t, zi))sin(κj (zi)) cos(–φj (t, zi))cos(κj (zi))
0 –cos(κj (zi)) sin(κj (zi))
 (4.11)
This rotational matrix takes into account the possible geometrical changes of the flutes (κj (zi))
and the different incremental flute positions (φj (t, zi)) in the axial direction. According to Eq. 4.3
for the undeformed chip thickness, the forces from Eq. 4.1 are divided into a dynamic and periodic
component. The periodic component is calculated by substituting h,j,u (t, zi) within Eq. 4.1 with
hper,j,u (t, zi) from Eq. 4.3. The periodic component will be applied in the time-domain simulation
(Chapter 5.2). The dynamic component is necessary for the stability prediction based on the SD
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method, as given in Eq. 2.1 and following. It can be calculated as follows:[
Ff,dyn (t)
FfN,dyn (t)
]
=
Nt∑
j,u=1
Nz∑
i=1
Qj,u (t, zi)
([
Δx
(
t – θj,u (zi)
)
Δy
(
t – θj,u (zi)
)] – [Δx (t)
Δy (t)
])
(4.12)
with
Qj,u (t, zi) = Tj,dyn (t, zi)
[
0 Ktc
0 Krc
]
T–1j,dyn (t, zi) zd gj,u (t, zi) . (4.13)
According to Eq. 4.3, the dynamic component of the chip thickness only has force components
in the x-y plane, and thus, the z-coordinate is not considered here. Therefore, the dynamic
transformation matrix is also reduced:
Tj,dyn (t, zi) =
[
cos(–φj (t, zi)) –sin(–φj (t, zi))sin(κj (zi))
sin(–φj (t, zi)) cos(–φj (t, zi))sin(κj (zi))
]
(4.14)
The rotation matrix Tj,dyn (t, zi) is used twice in Eq. 4.12. First, to convert the forces into the
feed and feed normal direction. Second, the inverse matrix of Tj,dyn (t, zi) is used to transform
the dynamic variation of the chip thickness according to Eq. 4.3 into the x-y-coordinate system.
Furthermore, the dynamic system has a multiple of modes in x- and y-direction, which can be
taken into account as follows:[
Ff,dyn (t)
FfN,dyn (t)
]
=
Nt∑
j,u=1
Nz∑
i=1
Qj,u (t, zi)
(
Δq
(
t – θj,u (zi)
)
– Δq (t)
)
(4.15)
In analogy to Eq. 2.4, the vectorΔq is defined, which contains the relative dynamic displacement
of all modes:
[
Δx (t)
Δy (t)
]
=

k∑
i=1
xw,i –
m∑
i=1
xt,i
l∑
i=1
yw,i –
n∑
i=1
yt,i
 =
[
11×k 01×l –11×m 01×n
01×k 11×l 01×m –11×n
]
︸ ︷︷ ︸
= Tq
q (t) = Δq (t) . (4.16)
Qj,u (t, zi) from Eq. 4.15 as well as the method of the summarized modes from Eq. 4.16 will be
applied in the derivatives to predict the process stability based on the SDmethod (Chapter 5.1).
Analogous to the described procedure for the common process forces, the additional process
damping forces, described in Chapter 2.3.2, can be transformed accordingly. The basic model
of the process damping forces is given in Eq. 2.7 and 2.8. A detailed description can be found
in [Sel12a, p. 40 ff.]. In analogy to the dynamic process forces, these velocity dependent force
components are extended to take into account z-discretization and varying time delays:[
Fpd,f,dyn (t)
Fpd,fN,dyn (t)
]
=
Nt∑
j,u=1
Nz∑
i=1
(
– Qpd,j,u (t, zi)
)
Δq˙ (t) (4.17)
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with
Qpd,j,u (t, zi) =
b2f
2vc
Tj,dyn (t, zi)
[
0 1
0 μpd
]
KpdT–1j,dyn (t, zi) zd gj,u (t, zi) . (4.18)
Qpd,j,u (t, zi) will be used in the stability prediction based on the SD method.
4.2 Undeformed Chip Thickness Based on Trochoidal Flute Movement
Martellotti was one of the first to calculate the undeformed chip thickness under consideration
of the trochoid trajectory of the teeth [Mar41]. The author assumed for his model that the teeth
are evenly distributed around the circumference. Faassen stated that the method in [Mar41]
involves complex equations and therefore proposed a new method [Faa07]. Kumanchik and
Schmitz developed an analytical model which is also capable to consider tool runout [Kum07].
They compare their estimation of hj,u (t, zi) with other models from literature and show that their
model leads to lower error levels.
All mentioned models have in common that the undeformed chip thickness hj,u (t, zi) of the j-th
tooth is derived from the tooth path of the j-th and (j – 1)-th tooth. For roughing tools with serrated
flutes or the proposed tool concept, all generated tooth paths of a previous revolution need to
be considered to determine the undeformed chip thickness. Thus, a more versatile model is
required for such tools. Flutes with a radial offset, unequal tooth pitches and tool runout need to be
considered. The numerical model proposed by Song et al. fulfills these conditions [Son13]. Their
developed algorithm is based on iterative steps to approximate hj,u (t, zi). The new developed
model in this thesis, which will be described in the following, requires no iteration to calculate
hj,u (t, zi). This yields an advantage in terms of computing time. Furthermore, the accuracy of
the calculated undeformed chip thickness solely depends on the resolution of the discretization.
Thus, for very small discretization steps, the error is insignificant low. The numerical method
is based on matrix operations, which reduces calculation time notably, especially if MATLAB is
used. For the following derivations, Fig. 4.3 is used for explanation. The following steps are
carried out to determine the chip thickness hj,u (t, zi):
• First, a vector is formed from the current cutting position Sj (t, zi) and the tool center point
Ct (upper illustration in Fig. 4.3).
• Next, the intersections Pj (t, zi) between this vector and the cutting paths of the preceding
cutting flutes Sj,u (t, zi) are determined numerically (bottom illustrations in Fig. 4.3).
• Finally, from all resulting intersections, it is necessary to identify the intersection which is
part of the calculation of the undeformed chip thickness hj,u (t, zi) (case 1 from the bottom
left illustration in Fig. 4.3).
The challenge in this procedure is the last step. In order to comply with the required conditions
that any kind of cutting edge geometry needs to be considered, all possible intersections must
be calculated to determine hj,u (t, zi). This is a computationally intensive process. As already
mentioned, the calculation time can be reduced with matrix operations.
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Fig. 4.3: Procedure to determine the undeformed chip thickness for the trochoidal flute
trajectory.
For the first step, the trochoidal trajectory of an incremental tooth segment Sj (t, zi) in the x-y-plane
can be derived as follows:
Sj (t, zi) =
[
Sx,j (t, zi)
Sy,j (t, zi)
]
= rj (zi)
[
cos(–φj (t, zi))
sin(–φj (t, zi))
]
+
[
1
0
]
fzNt
φ (t)
2pi︸ ︷︷ ︸
= C (t)
. (4.19)
The first summand describes the rotation of the tooth. The second summand equals the tool
center point C (t), which indicates the current tool position in feed direction. In analogy to the
procedure in Chapter 4.1, the paths for all previous cutting flutes are calculated, including the
current cutting flute j itself:
Sj,u (t, zi) =
[
Sx,j,u (t, zi)
Sy,j,u (t, zi)
]
= Sj (t, zi) –
[
1
0
]
fzNt
pj,u (zi)
2pi
(4.20)
The calculation of pj,u (zi) is given in Eq. 4.8. In order to calculate all possible intersections
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between the current flute position Sj (t, zi) and a preceding flute u at once, the entire trochoidal
path of the flute u must be calculated for one tool revolution. In the upper illustration in Fig. 4.3,
this is exemplified for a tool with two flutes. For reasons of clarity, the trajectory of the flute j for the
preceding revolution (Sj,u=j (t, zi)) is not illustrated. First, the path is discretized into equidistant
time intervals
Trev =
1
n
= NrevT with {Nrev ∈ N | 0 < Nrev} . (4.21)
Trev is the time for one tool revolution, which is discretized into Nrev elements with the sampling
interval T. With the time vector
trev = [T, 2T, . . . , kT, (Nrev – 1)T] , (4.22)
all flute positions Sj,u (t, zi) from Eq. 4.20 for one tool revolution are stored as follows:
Sj,u (trev, zi) = Srev,j,u (zi) =
[
Sx,rev,j,u (zi)
Sy,rev,j,u (zi)
]
(4.23)
Sj,u (tk, zi) is a 2 × Nrev matrix. The next step is to determine all Nrev – 1 possible intersection
points
Pj,u (t, zi) =
[
Px,j,u (t, zi)
Py,j,u (t, zi)
]
=
[
P1,j,u (t, zi) , . . . , Pk,j,u (t, zi) , PNrev–1,j,u (t, zi)
]
(4.24)
between the trochoidal path of the preceding flute u, which corresponds to the matrix Sj,u (tk, zi),
and the vector consisting of the current flute position Sj (t, zi) and the tool center point
Ct (t) =
[
Cx,t (t)
Cy,t (t)
]
(4.25)
As illustrated in Fig. 4.3 for the three bottom cases, two consecutive positions of a preceding
trochoidal path of the u-th flute form a line (e.g. case 1: Sj,u (8T, zi) and Sj,u (9T, zi)), which is
necessary for the calculation of one intersection. Therefore, the matrix
Srev+T,j,u (zi) =
[
Sx,rev+T,j,u (zi)
Sy,rev+T,j,u (zi)
]
= Sj,u (trev + T, zi) (4.26)
is used, additionally. This matrix contains the same values as Sj,u (tk, zi), shifted by one sampling
interval T ahead. As it will be shown in the following, it allows to calculate all intersection points
at once. For the calculation of Pj,u (t, zi), the two lines are represented in coordinate form:(
Cy,t (t) – Sy,j (t, zi)
)︸ ︷︷ ︸
= aj (t, zi)
x +
(
Sx,j (t, zi) – Cx,t (t)
)︸ ︷︷ ︸
= bj (t, zi)
y = Cy,t (t) Sx,j (t, zi) – Cx,t (t) Sy,j (t, zi)︸ ︷︷ ︸
= cj (t, zi)
(4.27)
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and (
Sy,rev+T,j,u (zi) – Sy,rev,j,u (zi)
)︸ ︷︷ ︸
= aj,u (zi)
x +
(
Sx,rev,j,u (zi) – Sx,rev+T,j,u (zi)
)︸ ︷︷ ︸
= bj,u (zi)
y
= Sy,rev+T,j,u (zi) ◦ Sx,rev,j,u (zi) – Sx,rev+T,j,u (zi) ◦ Sy,rev,j,u (zi)︸ ︷︷ ︸
cj,u (zi)
(4.28)
The symbol ◦ in Eq. 4.28 denotes the element by elementHadamardmatrix multiplication [Eis70,
p. 42]. The Hadamard matrix multiplication can also be carried out for all further steps, which
are required to calculate the undeformed chip thickness. However, for the sake of clarity, the
calculation of a single intersection will be derived in the following. Thus, Eq. 4.28 is changed to:(
Sy,j,u (t + T, zi) – Sy,j,u (t, zi)
)︸ ︷︷ ︸
= aj,u (t, zi)
x +
(
Sx,j,u (t, zi) – Sx,j,u (t + T, zi)
)︸ ︷︷ ︸
= bj,u (t, zi)
y
= Sy,j,u (t + T, zi) Sx,j,u (t, zi) – Sx,j,u (t + T, zi) Sy,j,u (t, zi)︸ ︷︷ ︸
cj,u (t, zi)
(4.29)
These two straight line equations can be combined into a linear system of equations:(
aj (t, zi) bj (t, zi)
aj,u (t, zi) bj,u (t, zi)
∣∣∣∣∣ cj (t, zi)cj,u (t, zi)
)
(4.30)
The solutions of this system can be determined by applying Cramer’s rule (see [Zur97, p. 41]
for further explanations) for the x-coordinate
Px,k,j,u (t, zi) =
cj (t, zi) bj,u (t, zi) – cj,u (t, zi) bj (t, zi)
aj (t, zi) bj,u (t, zi) – aj,u (t, zi) bj (t, zi)
(4.31)
and the y-coordinate
Py,k,j,u (t, zi) =
aj (t, zi) cj,u (t, zi) – aj,u (t, zi) cj (t, zi)
aj (t, zi) bj,u (t, zi) – aj,u (t, zi) bj (t, zi)
(4.32)
with
Pk,j,u (t, zi) =
[
Pk,x,j,u (t, zi)
Pk,y,j,u (t, zi)
]
(4.33)
Next, it must be determined which intersection Pk,j,u (t, zi) is needed for the calculation of
hper,j,u (t, zi). From the bottom illustrations in Fig. 4.3, it follows that the angle αP1 and αP2
must equal pi. These angles can be calculated with the dot product. The first angle
αP1 = arccos
((
Ct (t) – Pk,j,u (t, zi)
) • (Sj (t, zi) – Pk,j,u (t, zi) )∥∥Ct (t) – Pk,j,u (t, zi)∥∥∥∥Sj (t, zi) – Pk,j,u (t, zi)∥∥
)
!= pi (4.34)
determines if the intersection lies inside the line segment formed by the vectors Ct (t) and Sj (t, zi).
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In analogy, the angle
αP2 = arccos
((
Sj,u (t, zi) – Pk,j,u (t, zi)
) • (Sj,u(t + T, zi) – Pk,j,u (t, zi) )∥∥Sj,u (t, zi) – Pk,j,u (t, zi)∥∥∥∥Sj,u(t + T, zi) – Pk,j,u (t, zi)∥∥
)
!= pi (4.35)
determines if the intersection lies inside the line segment formed by the vectors Sj,u (t, zi) and
Sj,u (t + T, zi). This condition is fulfilled for case 1 and case 3, as shown in Fig. 4.3. For case 2,
the intersection is outside the line segment. Both conditions are only met for case 1. Thus, the
undeformed chip thickness can be calculated as follows:
hper,j,u (t, zi) =
∥∥Sj (t, zi) – Pk,j (t, zi)∥∥ (4.36)
With this method, hper,j,u (t, zi) in case of full immersion milling is calculated. By adding an ad-
ditional line just like a previous flute at the radial depth of cut, up- or down-milling can be imple-
mented, too. In analogy to the undeformed chip thickness in case of a circular flute movement,
the value of the Heaviside function from Eq. 4.4 can be determined. However, only the second
condition needs to be considered (min
(
Hj (t, zi)
)
> 0). In case of the presented trochoidal flute
path model, if the flute position is outside the entry and exit angle, the second condition is not
satisfied. Thus, the first condition is obsolete.
The presented force model in Chapter 4.1 and the consideration of the trochoidal flute path allows
a detailed analysis of the load on flutes with complex geometries, as it can be explained based on
the end mills in Fig. 4.4. This illustration provides an overview of how the cutting geometry affects
the removed material volume and the resulting forces. An end mill with different helix angles is
shown in Fig. 4.4 a). Due to the increasing tooth pitch between flute 1 and flute 2 in axial direction,
the undeformed chip thickness of flute 1 decreases, as illustrated on the left. Consequently,
the removed material from flute 2 increases in z-direction. The diagram on the right shows the
associated incremental radial forces Fr (zi). The increasing (decreasing) tooth pitch leads to
higher (lower) peak force values. Furthermore, a shift in z-direction and along the immersion
angle for the peak values results from the different helix angles. As a second example, an end mill
with serrated flutes is shown in Fig. 4.4 b). As it can be seen in the left illustration, the immersion
entry and exit varies along the z-direction. This is caused by the varying radial recessed flute
segments. At axial positions were the contrary flute’s radius is recessed, the undeformed chip
thickness is increased. This leads to the interrupted and cusp shaped incremental process forces,
as it can be seen in the right diagram in Fig. 4.4 b).
The spatial variation of the forces in case of both end mills applies similarly for time delays, which
will be investigated in Chapter 6.2.1. As mentioned in Chapter 2.4.1, a further influence on time
delays occurs in case of runout errors. In the following section, a model for the consideration of
radial runout error in the process force calculation and consequently in the stability prediction will
be presented.
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Fig. 4.4: Incremental force distribution in case of an end mill with a) unequal helix angles and b)
serrated flutes.
4.3 Tool Runout
Tool runout changes the kinematic of the flute movement. As described in Chapter 2.4.1, this
can lead to the situation that the roughing flutes with recessed radii and chamfered cutting edges
actually contribute to surface finish. Consequently, this condition must be avoided. To assess
whether runout contradicts the tool concept, the radii rj and radial positions φj of the flutes must
be enhanced by the deviation caused by the geometric location of the runout offset ρr and runout
location angle λr. These geometric relations are illustrated in Fig. 4.5. The tool on the left shows
the actual tool geometry. By considering the tool runout position as the new tool center point, the
actual spatial locations of the flutes correspond to the shown tool geometry on the right. Utilizing
trigonometric relations, the position of the flutes extended by tool runout can be formulated as
follows:
rr,j (zi) =
√
ρ2r + rj (zi)2 – 2ρrrj (zi) cos(λr – φj (zi)). (4.37)
A detailed derivation is given in [Krü14, p. 56]. In case of flutes with helix angles δ > 0, the
location of the flutes in axial direction z varies due to runout (Fig. 2.10). Thus, the incremental
axial position zi is considered as a variable.
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Fig. 4.5: Influence of tool runout on the geometrical properties of the tool based on
[Krü14, p. 54].
As shown in Fig. 4.5, the radial position of the flutes also changes. The radial position extended
by runout can be calculated as follows:
φr,j (zi) = arctan
(
rr,y (zi)
rr,x (zi)
)
+ pi
∣∣∣∣∣
⌊
1
10
rr,x (zi)∣∣rr,x (zi)∣∣
⌋∣∣∣∣∣ (4.38)
with
rr,x (zi) = rj (zi) cos(φj (zi)) – ρrcos(λr)
rr,y (zi) = rj (zi) sin(φj (zi)) – ρrsin(λr)
(4.39)
The second summand in Eq. 4.38 takes into account in which quadrant rr,j (zi) is located, with cr
as the center point of the coordinate system. With Eq. 4.37 and Eq. 4.38, the undeformed chip
thickness values of the flutes can be calculated with tool runout consideration, as described in
Chapter 4.2. Thus, the influence of tool runout on the kinematic of the flutes can be considered
for the prediction of the dynamical tool behavior, which will be described in Chapter 5.
In order to be able to estimate whether ρr causes the recessed flutes to actually have a larger
radius than the regular flutes, the extreme values for rr,j (zi) from Eq. 4.37 must be determined.
Themaximum andminimum values result from the greatest possible and smallest possible spatial
distance, respectively, between rr,j (zi) and ρr:
max
(
rr,j (zi)
)
=
√
ρ2r + rj (zi)2 + 2ρrrj (zi) for λr = pi + φj (zi) .
min
(
rr,j (zi)
)
=
√
ρ2r + rj (zi)2 – 2ρrrj (zi) for λr = φj (zi) .
(4.40)
The most unfavorable case for the hybrid tool is when the maximum value occurs for a recessed
flute. Assuming a tool with one recessed flute, denoted by the index u and λr = pi + φu (zi), the
radius of the remaining regular flutes is calculated as follows:
rr,j (zi) =
√
ρ2r + rj (zi)2 – 2ρrrj (zi) cos(pj,u (zi)). (4.41)
36 4 Mechanistic Modeling of Milling Forces
The formula for pj,u (zi) is given in Eq. 4.8. In the next step, it is necessary to make sure if the
radii of the regular flutes rr,j 6=u (zi) are smaller than for the recessed flute rr,j=u (zi). Otherwise,
the recessed flute contribute to the machining of the final surface. To prevent this, the required
minimum value forΔR in case of ρr > 0 must be known. If we assume a tool with a helix angle of
δ = 0◦ and that all tooth radii are equal (rj = r) besides one with a radial offset ΔR, the following
inequation resulting from Eq. 4.40 and (4.41) must be solved for ΔR:
(r – ΔR)2 – 2ρr(r – ΔR) < r2 – 2ρrrmin
(
cos(pj,u)
)
. (4.42)
The highest value for the right-hand side of this inequation arise in case of cos(pj,u = pi). This
leads to the following sufficient condition for the prevention of the contact of a recessed flute with
the final machined surface:
ΔR > 2ρr (4.43)
With the knowledge of Eq. 4.43 it is possible to design the hybrid tool with the consideration of
tool runout. However, if this sufficient condition is not met, the calculation of all flute radii rr,j (zi)
from Eq. 4.37 is recommended to verify that a recessed flute has not a higher radius value than
any of the regular flutes. The influence of tool runout on the tool concept regarding process forces
and stability will be analyzed in detail in Chapter 6.
4.4 Identification of Process Force Coefficients and Runout with Particle Swarm Opti-
mization
The average cutting force method (ACFM) is the most common approach for the identification
of the specific process force coefficients [Kli82]. It is assumed that the mean values of the force
components in feed, feed normal and axial direction are proportional to the feed per tooth. Thus,
to determine the specific process force coefficients, experiments with different feed per tooth
values fz are carried out. In case of the mechanistic cutting force modeling, the influence of
the cutting velocity vc is estimated to be low in comparison to the feed rate, and thus, is usually
neglected. A disadvantage of this mechanistic identification is the necessity of the analytical
derivation to calculate the mean cutting forces [Gra04]. For each specific cutter geometry, the
derivation of new equations are often necessary. This can be challenging in case of tools with
complex geometric shapes and requires simplifications. For example, instead of the trochoidal
flute movement, the simplified circular flute movement is used in the equations. The runout error
is often likewise not taken into account.
An alternative approach is the instantaneous cutting force method (ICFM). For this method the
process forces are calculated as described in Chapter 4, i.e., and can be fitted by a heuristic
optimization method to match the experimental process force data. A variation of the feed per
tooth is not necessary, which reduces the experimental efforts. Sellmeier applied a genetic
algorithm for the identification of the process force coefficients with the ICFM based on a time-
domain simulation [Sel12a, p. 51ff.]. To reduce the influence of runout error on the coefficient
identification, a one fluted tool was used. In the following, a more versatile identification method
will be presented. This methods allows the identification of the process force coefficients, runout
error and further geometric tool attributes, e.g. radial offset of flutes. Thus, no analog tool with
a single flute needs to be used for the experiments. Wang presented a method to identify the
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runout error without the a priori knowledge of the process force coefficients [Wan03]. This method
requires two cutting tests. The runout error is identified based on the calculation of an offset
between both experimental cutting tests. The presented method in this work requires only one
cutting test. Furthermore, all needed parameters can be identified simultaneously.
As it will be explained, the inclusion of the runout error and further parameters increase the
computation time. Therefore, the Particle Swarm Optimization (PSO) method is applied for the
identification. The PSO algorithm simulates the movement of swarm, e.g. flock of birds, to find
the global optimum solution [Ken95]. As mentioned by Kennedy and Eberhart, PSO has the
advantage that each swarm member takes into account not only its own local optimum, but also
the optimum of the entire swarm in its movement, and thereby increases the probability that
a global optimum is identified. Furthermore, compared to other heuristic algorithms, the PSO
algorithm has significantly shorter computation times [Per07].
The implementation of the PSO algorithm for the identification of the mentioned input quantities is
shown in Fig. 4.6. First, the system, i.e. the tool geometry and the process parameters, must be
defined. Then, for the first movement step k = 1, the position vector pi,k and the direction vector
vi,k are set for all Np swarm members. pi,k contains the elements to be identified, for example:
pi,k =̂
[
Ktc Krc Kac︸ ︷︷ ︸
cutting coefficients
Kte Kre Kae︸ ︷︷ ︸
edge coefficients
λr cr︸ ︷︷ ︸
runout
r p︸︷︷︸
tool geometry
]
(4.44)
The runout error parameters, the flute radii r as well as the tooth pitches p can be included,
theoretically. This allows an estimate of manufacturing errors of these attributes. Especially
in the case of the hybrid tool with recessed flutes, this identification procedure can replace an
additional measurement step. For the initial time step k = 1, the values of the position vector are
defined by random numbers:
pi,k = plb + (pub – plb) ◦ rp,i (4.45)
rp,i contains the random numbers, which range between 0 and 1. The size of rp,i equals the size
of pi,k. Each swarm member i has an individual vector rp,i. Furthermore, for each element of the
position vector pi,k, a reasonable minimum and maximum value as boundary must be defined
for the elements (lower boundary plb and upper boundary pub). To make the identification as
efficient as possible, the boundaries should be within a reasonable range based on the values of
the experimental forces, as it will be shown in Chapter 6.1.1. For the initial time step k = 1, all
elements of the velocity vector vi,k are set to zero for every particle i.
The algorithm includes two loops. The inner loop for counter i includes the number of swarm
particles. The number of movement steps of the swarm is set by the outer loop by means of
the counter k. For the application described here, a swarm size of Np = 30 was chosen and a
number of movements of Ns = 200.
Within these loops and based on the set initial values pi,k, the process forces for one tool revolu-
tion, as given in Eq. 4.1, are calculated. The models for the trochoidal flute path and the runout
consideration from Chapter 4.2 and 4.3, respectively, are also included. The associated exper-
imental forces are averaged over a period of one revolution, to filter noise. Next, the deviation
Fmin between the simulated and experimental forces is determined.
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Fig. 4.6: PSO algorithm (depiction of updating the velocity and position vi,k+1 and pi,k+1,
respectively, as shown in [Has05])
As an example, this can be realized as follows:
Fmin =
1
Nrev
Nrev∑
k=1
∣∣Fsim,k – Fexp,k∣∣ (4.46)
The procedure is extended accordingly to include the feed, feed normal and passive force simul-
taneously. As described in [Sel12a, p. 52 ff.], if only the cutting force coefficients have to be deter-
mined, the forces are calculated with Kt,c = Kr,c = Ka,c = 1 Nmm2 and Kt,e = Kr,e = Ka,ec = 1
N
mm
and afterwards corrected with the actual values for the coefficients. Thus, the forces must be
calculated only once for both loops from Fig. 4.6. This considerably reduced the computational
time. As a requirement for this procedure, neither runout error nor geometric attributes of the tool
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are allowed to be included in the identification. Otherwise, the flute paths and thus the engage-
ment conditions changed so that for each particle of the swarm Np as well as each time step k,
the forces must be recalculated.
Next, the particle optimum is identified for each i-th swarm particle, as shown in the upper gray
box (particle optimum) in Fig. 4.6:
if Fmin < Fl,i ∨ k = 1, ⇒ Fl,i = Fmin ∧ pl,i = pi,k (4.47)
For the first time step k = 1, the value of Fmin for all particles automatically equals the local fit Fl,i.
The particle inherits the value of its own local optimum position pl,i for the following time steps k
and is updated if the fitness increases. The swarm optimum is determined as shown in the lower
gray box (swarm optimum) in Fig. 4.6:
if Fl,i < Fg,k, ⇒ Fg,k = Fl,i ∧ pg,k = pl,i (4.48)
with Fg,k as the best global fit value and pg,k as the best position for the entire swarm. After the
position pi,k for all swarm particles (i = Np) for one time step k is determined, the next position
pi,k+1 is calculated as follows [Ken95]:
pi,k+1 = pi,k + vi,k+1 (4.49)
with the velocity term
vi,k+1 = rv,i,k ◦ vi,k︸ ︷︷ ︸
current motion
+ rpl,i,k ◦
(
pl,i – pi,k
)︸ ︷︷ ︸
particle memory influence
+ rpg,i,k ◦
(
pg,k – pi,k
)︸ ︷︷ ︸
swarm influence
(4.50)
The procedure is illustrated in the framed box in Fig. 4.6, based on [Has05]. Note that in Eq. 4.49
and Eq. 4.50 it appears as if velocities and positions, and thus different physical units, are added.
However, as stated by Eberhart and Shi, the velocity is regarded over a single time increment
(iteration k), and thus, this approach is valid [Ebe07, p. 88]. The individual terms in Eq. 4.50
are each multiplied by a weighting factor (rpl,i,k, rv,i,k and rpg,i,k). The convergence of the PSO
algorithm depends on the chosen values for these factors [Tre03, Has05]. However, since the
choice of the optimal values for these factors would increase the setup complexity, random values
are chosen for the factors for each element of the velocity vector vi,k and all position vectors p,
analogous to Eq. 4.45. After the last time step, the position vector pg,k with k = Ns contains the
best identified values of the coefficients and all other elements, as defined in Eq. 4.44.
In order to assess the quality of this identificationmethod, it is evaluated in Chapter 6.1.1 and 6.1.2
on the basis of predefined values for the coefficients and runout error, respectively. Furthermore,
a comparison between the ICFM and ACFM is carried out.
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The process stability prediction will be analyzed using two different calculation methods. With the
Semi-Discrete method stability charts can be determined by an eigenvalue analysis in the time-
domain. The difference between a stable and unstable process can be clearly determined by the
eigenvalue. Analogous to the derivations of the process forces from Chapter 4.1, an extension
of the SD method is performed in order to take into account runout errors as well as varying time
delays caused by the radially recessed flutes of the hybrid tool. The time delays are determined
based on the trochoidal flute path model from Chapter 4.2.
Additionally, time-domain simulations are carried out for stability prediction. This methods allows
the consideration of nonlinear effects. In order to be able to generate stability maps in analogy to
the SD method, a method is presented which serves as a criterion for establishing a stability limit.
It should be noted, however, that the required computation time is significantly higher compared
to the SD method.
5.1 Semi-Discrete Time-Domain Solution with Consideration of Multidimensional Dis-
tributed Time-Delays
To predict the stability of the hybrid tool, the basic concept of the semi-discretization time-domain
solution, as described in Chapter 2.2, needs to be modified to include multidimensional time-
delays in the calculation. Accordingly, the right side of Eq. 2.1 is exchanged by Eq. 4.15 and the
velocity depending force component, which may act as a process damping force component, is
added:
Mq¨ (t) + Dq˙ (t) + Kq (t) =
TTq
Nt∑
j,u=1
Nz∑
i=1
(
Qj,u (t, zi)
(
Δq
(
t – θj,u (zi)
)
– Δq (t)
)
– Qpd,j,uΔq˙ (t)
) (5.1)
The transpose of the matrix Tq from Eq. 4.16 is added to the force components to expand it to
the number of modes. An example of the structure of this matrix, which depends on the number
of modes, is shown in Fig. 5.1.
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Fig. 5.1: Simplified example: superposition of modes and the application of the matrix Tq for
the expansion of the force vectors in x- and y-direction to the corresponding number of
modes.
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Next, the necessary steps for the eigenvalue analysis, as shown in Fig. 2.3, need to be carried
out. First,Δq (t) andΔq˙ (t), which result from the outer modulation and process damping forces,
respectively, are shifted into the left side of the eq (5.1):
Mq¨ (t) + Qd (t) q˙ (t) + Qk (t) q (t) = TTq
Nt∑
j,u=1
Nz∑
i=1
Qj,u (t, zi)
(
Δq
(
t – θj,u (zi)
) )
with Qk (t) =
(
K + TTq
Nt∑
j,u=1
Nz∑
i=1
Qj,u (t, zi) Tq
)
and Qd (t) =
(
D + TTq
Nt∑
j,u=1
Nz∑
i=1
Qpd,j,u (t, zi) Tq
)
(5.2)
This shift requires to transform the summarized displacement and velocity vectors Δq (t) and
Δq˙ (t) back into Tqq (t) and Tqq˙ (t), as given in Eq. 4.16. Next, this second-order differential
equation is transformed into a first-order differential equation by the state-space representation
[
q˙ (t)
q¨ (t)
]
︸ ︷︷ ︸
= x˙ (t)
=
[
0(w,w) I(w,w)
M–1Qk (t) M–1Qd (t)
]
︸ ︷︷ ︸
= A (t)
[
q (t)
q˙ (t)
]
︸ ︷︷ ︸
= x(t)
+
Nt∑
j,u=1
Nz∑
i=1
[
0(w,2)
M–1TTqQj,u (t, zi)
]
︸ ︷︷ ︸
= Bj,u (t, zi)
Δq
(
t – θj,u (zi)
)
,
(5.3)
where A (t) is the state or system matrix, Bj,u (t, zi) is the input matrix, x (t) is the state or system
vector and Δq
(
t – θj,u (zi)
)
is the input vector. I stands for the identity matrix. For a discrete
time-invariant state-space representation (step 3 from Fig. 2.3), the time-periodic state and input
matrices are replaced by averaged constant values within one discrete time step td:
Ad =
1
T
td+1∫
td
A (t) dt (5.4)
and
Bd,j,u (zi) =
1
T
td+1∫
td
Bj,u (t, zi) dt (5.5)
with the discrete time step defined as
td = d T + T and {d ∈ N | 0 < d} . (5.6)
T is the sampling interval. Based on [Ack83, p. 135] and as shown in step 4 in Fig. 2.3, the
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time-discrete solution can be written as follows:
x (td) = eAd(td–td–1) x (td–1) +
Nt∑
j,u=1
Nz∑
i=1
td∫
td–1
eAd(td–τ) Bd,j,u (zi)Δq
(
τ – θj,u (zi)
)
dτ (5.7)
or by replacing the discrete time step td by the sampling interval T:
x (dT + T) = eAdT x (dT) +
Nt∑
j,u=1
Nz∑
i=1
dT+T∫
dT
eAd(dT+T–τ) Bd,j,u (zi)Δq
(
τ – θj,u (zi)
)
dτ (5.8)
To derive the expanded solution (step 5 from Fig. 2.3) the delayed terms need to be substituted
by discretized values: (
mj,u (zi) – γj,u (zi)
)
T != θj,u (zi) (5.9)
with {
mj,u (zi) ∈ N | 1 ≤ mj,u (zi)
}
and
{
γj,u (zi) ∈ R | 0 ≤ γj,u (zi) < 1
}
(5.10)
However, the actual time-domain terms are not discretized, which is why this method is referred to
as a semi-discretization. Ackermann described how to approximate τ if the time delay is smaller
than the sampling interval T [Ack83, p. 135]. However, for cutting processes it can be generally
assumed that θj,u (zi) >> T. Otherwise, the sufficient condition of the Nyquist–Shannon sam-
pling theorem is not satisfied [Sel12a, p. 38]. The following case analysis is valid for any value
of θj,u (zi):
τ – θj,u (zi) =
{
dT – mj,u (zi) T if dT ≤ τ < dT + (1 – γj,u (zi))T
dT – (mj,u (zi) – 1)T if dT + (1 – γj,u (zi))T ≤ τ ≤ dT + T
(5.11)
Thus, by implementing Eq. 5.11 into Eq. 5.8, it follows:
x (dT + T) = eAdT x (dT)
+
Nt∑
j,u=1
Nz∑
i=1
[ dT+(1–γj,u(zi))T∫
dT
eAd(dT+T–τ) Bd,j,u (zi) dτΔq
(
dT – mj,u (zi) T
)
+
dT+T∫
dT+(1–γj,u(zi))T
eAd(dT+T–τ) Bd,j,u (zi) dτΔq
(
dT – (mj,u (zi) – 1)T
)]
(5.12)
To reduce the integration efforts, the integration limits are exchanged based on
v =̂ v (τ) = dT + T – τ ⇒ dv (τ)
dτ
= –1 ⇔ dτ = –dv, (5.13)
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which yields the following integration limits:
v
(
τ = dT + (1 – γj,u (zi))T
)
= dT + T – [dT + (1 – γj,u (zi))T] = γj,u (zi) T
v (τ = dT) = dT + T – [dT] = T
v (τ = dT + T) = dT + T – [dT + T] = 0
(5.14)
Thus, Eq. 5.12 is transformed into
x (dT + T) = eAdT x (dT) +
Nt∑
j,u=1
Nz∑
i=1
[
–
γj,u(zi)T∫
T
eAdv Bd,j,u (zi) dvΔq
(
dT – mj,u (zi) T
)
–
0∫
γj,u(zi)T
eAdv Bd,j,u (zi) dvΔq
(
dT – (mj,u (zi) – 1)T
)]
= eAdT x (dT) +
Nt∑
j,u=1
Nz∑
i=1
[ T∫
γj,u(zi)T
eAdv Bd,j,u (zi) dvΔq
(
dT – mj,u (zi) T
)
+
γj,u(zi)T∫
0
eAdv Bd,j,u (zi) dvΔq
(
dT – (mj,u (zi) – 1)T
)]
(5.15)
and can be further summarized as
x (dT + T) =Φd (T) x (dT)
+
Nt∑
j,u=1
Nz∑
i=1
[(
Γd,j,u (T, zi) – Γd,j,u
(
γj,u (zi) T, zi
) )
︸ ︷︷ ︸
= Γd,j,u,1 (T, zi)
Δq
(
dT – mj,u (zi) T
)
+ Γd,j,u
(
γj,u (zi) T, zi
)︸ ︷︷ ︸
= Γd,j,u,2 (T, zi)
Δq
(
dT – (mj,u (zi) – 1)T
) ] (5.16)
with
Φd (t) = eAdt and Γd,j,u (t, zi) =
t∫
0
eAdv Bd,j,u (zi) dv (5.17)
Since Ad is nonsingular, the antiderivative is
Γd,j,u (t, zi) = A–1d
(
eAdt –I(2w,2w)
)
Bd,j,u (zi) . (5.18)
The discrete representation of the time delay terms allows to expand the state vector as follows
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(step 5 in Fig. 2.3):
xexp (dT) =

x (dT)
Δq (dT – T)
Δq (dT – 2T)
...
Δq (dT – mT)
 with m = max
(
mj,u (zi)
)
(5.19)
With the expanded state vector xexp (dT) Eq. 5.16 can be transformed into:
xexp (dT + T) = Φexp,d (T) xexp (dT) (5.20)
Φexp,d (T) is the monodromy matrix. To acquire a better understanding of the composition of
the monodromy matrix from Eq. 5.20, a graphical representation of the components is given in
Fig. 5.2.
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Fig. 5.2: Monodromy matrix from Eq. 5.20 with multiple delays. Elements with dashed frame
contain constant values.
The upper columns with a height of 2w contain the elements from Eq. 5.16 and deliver the sys-
tem vector values for the next sampling interval x (dT + T). All information about the structural
dynamics, represented by the state matrixA (t) as given in Eq. 5.3, are stored in the matrixΦd (t).
Additionally, the matrices Γd,j,u,1 (T, zi) and Γd,j,u,2 (T, zi) represent the influence of the time de-
lay. Depending on the discrete axial position or varying immersion conditions the value of the
time delay may change at every sampling interval T and during the teeth and axial summation Nt
and Nz, respectively, as described in Chapter 4.1. This means that the position of Γd,j,u,1 (T, zi)
and Γd,j,u,2 (T, zi) can shift to left or right. All other values at the upper columns with a height of
2w and a length of 2m are set to 0 to eliminate not included time delays, which are stored in the
expanded system vector xexp (dT). The elements of the monodromy matrix below the height of
2w are of importance to store the time delay values for the next sampling interval. The 2× 2w is
used to extract the displacement data from the system vector x (dT). The matrix Tq summarizes
the displacement value of all modes in x- and y-direction. The matrix filled with zeros eliminates
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the velocity elements of x (dT), which are not stored. Accordingly, all other columns at that height
are 0. Due to the fact that the summarized displacement values are stored and not the displace-
ment of each mode, the size of the monodromy matrix is significantly reduced. Same applies for
the eliminated velocity components of the system vector. The lower blocks are used to transmit
the summarized displacement values and shift them by one sampling interval.
For the prediction of the stability based on the eigenvalues of the monodromy matrix, the mon-
odromy matrix needs to be calculated for the entire system period
Tper = mT, (5.21)
as shown in step 6 in Fig. 2.3. The system period Tper depends on the tooth pitch [Sel11]. If
runout is considered, the period corresponds to one tool revolution. Based on the Floquet theory
[Flo83] the monodromy matrix for the entire system period can be calculated as follows:
xexp (T + T) =Φexp,1 (T) xexp (T)
xexp (T + 2T) =Φexp,2 (T) xexp (T + T)
...
xexp (T + (p – 1)T) =Φexp,(r–1) (T) xexp (T + (p – 2)T)
xexp (T + pT) =Φexp,p (T) xexp (T + (p – 1)T)
(5.22)
Due to the periodicity of the system, the following applies for one period [T, T + Tper]:
xexp
(
T + Tper
)
= xexp (T + pT) = Φexp,per (T) xexp (T) (5.23)
with
Φexp,per =
p∏
d=1
Φexp,d (T) (5.24)
Finally, the stability of the system can be predicted by the eigenvalues of the monodromy matrix:
eig
(
Φexp,per (T)
)
< 1 , stable
= 1 , stability limit
> 1 , unstable.
(5.25)
The calculation of the monodromy matrixΦexp,per and the corresponding eigenvalues requires a
significant amount of computational operations, and thus, is very time consuming [Ins11, p.62 f.].
Henninger and Eberhard proposed a decomposition of the monodromy matrix in order to reduce
computational time [Hen08]. However, it strongly depends on the used programming language.
For example, the computational software MATLAB is optimized for matrix operations and such
an approach might even lead to higher computational time. Furthermore, new techniques like
parallel computing (MATLAB spmd command) or graphics processing unit (GPU) computing (i.e.
NVIDIA CUDA) can be applied to shorten the calculation time. A time benefit of these techniques
highly depends on the structure of the program code. For large matrices, i.e. large number of
oscillators w or high discretization value m, GPU computing can shorten the calculation time
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remarkably and can be implemented without much effort. Parallel computing can be applied for
loops. Another possibility to save calculation time is to use single instead of double precision for
the multiplication for Eq. 5.20 in MATLAB. With an increasing number of modes, the savings in
calculation time increases accordingly.
5.2 Time-Domain Simulation
Using time-domain simulations, additional effects which are not considered by the SD method
can be investigated. This includes the influence of the frictional force components or nonlinear
influences, such as out of cut incidents during the immersion of a flute [Tlu81, Cam03]. In addi-
tion, the shape of the workpiece can be varied so that dynamic effects caused by a change in the
engagement conditions can be examined. This also includes the entry and exit of the tool into
the workpiece. However, the calculation of the instantaneous undeformed chip thickness as well
as the instantaneous process forces at every time step during the simulation requires consider-
able more calculation time in comparison to the SD method. Detailed descriptions and different
approaches of the calculation of process dynamics in the time-domain can be found in literature,
e.g. [Cam03] and [Lös15, p. 23 ff.]. In the following, new extensions and a brief summary of the
general steps are presented, which can be summarized as shown in Fig. 5.3 a).
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Fig. 5.3: Main steps to simulate the milling process in time-domain as a) a block diagram and b)
method to set a threshold value for the stability limit.
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For the calculation of the instantaneous chip thickness, the model from Chapter 4.2 is applied.
The path of the current cutting flute is compared with the workpiece geometry, on which the path
of the previous cutting edges and the relative movement between the tool and the workpiece is
inherited. After determining the intersection between the cutting edge and the workpiece, the
shape of the workpiece geometry is updated accordingly.
From the intersection and the cutting edge position, a value for the chip thickness from Eq. 4.3
is determined, which already includes the dynamic displacement. This means that the calcu-
lated chip thickness includes the periodic and dynamic part. The resulting process forces can be
calculated based on the periodic part from Eq. 4.1. These calculated forces serve as input quan-
tities in the calculation of the solution of the equation of motion according to Chapter 5.1. The
elimination of the time delay component simplifies the state space representation from Eq. 5.3
as follows: [
q˙ (t)
q¨ (t)
]
︸ ︷︷ ︸
= x˙ (t)
=
[
0(w,w) I(w,w)
M–1K M–1Qd (t)
]
︸ ︷︷ ︸
= A (t)
[
q (t)
q˙ (t)
]
︸ ︷︷ ︸
= x (t)
+
[
0(w,2)
M–1TTq
]
︸ ︷︷ ︸
= B
[
Ff (t)
FfN (t)
]
︸ ︷︷ ︸
= u (t)
(5.26)
In accordance to [Rub17], process damping is included in themodal dampingmatrix. The process
damping model presented in Chapter 5.1 is applied. However, with the time-domain simulation it
is possible to identify an overlap between the workpiece and the tool even if the overlap occurs
only at the rear of the chamfer. This is done by identifying the overlap area based on a Boolean
operation. The influence of the overlapping between the workpiece with the rear part of the
chamfer on process damping forces in general will be analyzed in Chapter 6.1.5.
Due to the process damping implementation the system matrix is transient. In analogy to Eq. 5.4
it is substituted by a piecewise stationary representation. The input matrix B is stationary. Thus,
the solution from Eq. 5.8 can be calculated as follows [Lun08, p. 237 f.]:
x (dT + T) = eAdT x (dT) +
T∫
0
eAdτdτBu (dT) (5.27)
or after the solution of the integral:
x (dT + T) = eAdT x (dT) + A–1d
(
eAdT –I(2w,2w)
)
Bu (dT) . (5.28)
The state vector x includes the displacement and velocity of the workpiece and tool in x- and
y-direction, respectively, and is taken into account for current calculation of the chip thickness.
The time-domain simulation provides the displacement of the tool and the workpiece as well as
the dynamic process forces at each time step.
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Fig. 5.4: Graphical user interface of the time-domain simulation (graphical user interface based
on [Sel12b, p. 50]).
A graphical user interface was created to represent the results, which can be seen in Fig. 5.4. In
the upper part of the window, the discretized tool and workpiece are shown. The lower part shows
the relevant outputs. After the simulation is finished, the simulated surface can be visualized to
analyze the surface quality. Furthermore, the forces acting on the workpiece while the machined
surface is generated can be extracted. This allows to predict the shape of the resulting surface
deformation of the flank face, as it will be shown in Chapter 6.2.3.
The simulation data can also be used to create stability maps. Simulations are carried out within
a range of values for the spindle speed n and the axial immersion ap. Depending on the chosen
incremental steps for n and ap, the necessary high computational time needs to be considered.
By using the determination of the actual chip width according to the method from Chapter 4.2,
the computational effort can be reduced. Furthermore, a criterion for the stability limit has to be
established on the basis of the simulated data. Rubeo and Schmitz defined a threshold value,
which results from the quotient of the displacement amplitude of the chatter frequency and the
highest displacement amplitude of a periodic frequency, e.g. tooth passing frequency or spindle
frequency, during stable cutting conditions [Rub17]. Using multiple examples from the literature,
they showed that with their presented method a clear stability limit comparable with results from
the SD method can be achieved. Based on this method, a more generalized approach is used
in the following. Instead of comparing the displacement amplitudes of single frequencies, the
whole FFT signal of the process forces within a defined frequency range is considered to derive
a threshold value. With this approach all significant periodic frequency components can be taken
into account. The basic concept is shown in Fig. 5.3 b). First, the time-domain simulation is
carried out and the FFT of the process force signals in feed and feed normal direction Ff and FfN,
respectively, is calculated. In the following, Ff is used to explain the method. Before the FFT is
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carried out, the constant part of the force component is removed by subtracting the mean value
F¯f:
Ff (td) – F¯f
FFT−→ Ff (fd) . (5.29)
This eliminates high peaks at f = 0 Hz. Otherwise, the decisive amplitude components would be
leveled by this constant component. The discrete frequency step fd is defined in analogy to Eq.
5.6 as follows:
fd = dF + F , (5.30)
with F as the sampling frequency. Within a defined frequency range, from 0 Hz up to the de-
fined highest considered frequency fmax, the FFT signal is integrated numerically by applying the
trapezoidal rule:
Adyn,f =
1
2
F
Nd∑
d=1
(
Ff (fd–1) + Ff (fd)
)
(5.31)
with
Nd =
fmax
F and {Nd ∈ N | 0 < Nd} . (5.32)
In case of chatter, additional amplitudes occur near the chatter frequency, which increase the
value of the dynamic force signal area Adyn,f. As a counter part to Adyn,f, the static force signal
area Astat,f is determined. Based on Chapter 4, the process forces are calculated solely on the
periodic part of the uncut chip thickness, as shown in Fig. 5.3 b). To avoid errors resulting from
the FFT operation, the calculated force signal for one revolution is duplicated multiple times to
reach the same signal length as the time domain simulation. As a final step, the amplitude ratio
of these two values is calculated:
ramp = max(ramp,f, ramp,fN), with ramp,f =
Adyn,f
Astat,f
. (5.33)
If chatter occurs, then Adyn,f >> Astat,f. The final chatter amplitude ratio ramp is chosen in accor-
dance to the severeness of chatter in feed and feed normal direction. Theoretically, it follows that
ramp > 1 in case of chatter. However, perturbations in the time-domain simulation, e.g. entry and
exit conditions, may cause additional peaks in the frequency domain. To ensure a sufficiently
large safety factor, the threshold value is set to the double of the the theoretical sufficient value:
ramp

< 2 , stable
= 2 , stability limit
> 2 , unstable.
(5.34)
The presented method is examined in Chapter 6.2 and will be applied in the experimental inves-
tigations in Chapter 7.2.1.
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Based on theoretical investigations, it will be estimated in the following which impact the essential
input and disturbance parameters have on the new tool concept. The findings of these studies
are used as a preparation for the experimental investigations of the new tool concept.
6.1 Process Forces
A major factor influencing the achievable stability is the occurring process forces. Therefore, for
the prediction of stability, the cutting force coefficients are of importance. A wrong identification
can substantially influence the predicted stability [Kle08]. To ensure a correct identification of the
coefficients, the impact of the main factors affecting a correct identification is of interest. First,
errors which arise based on the goodness of the process force model are considered. In this
context, the ACFM is compared with the ICFM. Discrepancies resulting from the applied flute path
model as well as tool runout are investigated for both methods. The theoretical data from [Gra04]
is used for the evaluation. These results are considered for the experimental identification of the
specific process force coefficients. Based on these results, it is considered to what extent the
stability can change depending on the cutting force coefficients. Furthermore, the dependence
of the coefficients on the cutting speed is considered. Since process damping is important for
the recessed flutes of the hybrid tool, the difficulties in modeling process damping forces are also
addressed.
6.1.1 Comparison between Average and Instantaneous Cutting Force Method
Gradišek et al. investigated the identification of the specific process coefficients with the ACFM
for different types of end mills [Gra04]. As a first step, they simulated process forces to evaluate
their identificationmethod. The used input data is shown in Fig. 6.1. The theoretical and identified
coefficients for all investigated radial immersions ae (full, up- and down-milling: 50%, 25%, and
10%) agrees well. As usual for the ACFM, the authors used the circular path model for the
simulation of the process forces and identification of the coefficients. If the process forces are
simulated with the developed trochoidal path model (Chapter 4.2), only small differences to the
circular path model are apparent, as shown in Fig. 6.1 a) for the feed normal force FfN. The
average cutting forces F¯fN,circular and F¯fN,trochoidal differ by 7N only. In this case, the percentage
difference
ΔF¯fN (fz) =
(
F¯fN,circular (fz)
F¯fN,trochoidal (fz)
– 1
)
· 100% (6.1)
equals 4.3%. This is the highest difference for the investigated process parameters in down-
milling, as shown in Fig. 6.1 b). With increasing immersion and decreasing feed per tooth the
deviations get smaller. The dotted line with the circular markers in Fig. 6.1 b) represents the
deviation for 10%-immersion for different feed per tooth values. This low error levels might be
considered as not relevant, initially. However, this error levels matter for the coefficient identifi-
cation. The identified specific process force coefficients are listed in Table 6.1. If the trochoidal
path model is used to simulate the process force data and the circular path model for the identi-
fication, the presumed low error levels have an impact. For full immersion milling, the deviations
are small. However, in case of low immersion the deviation between the values of the theoretical
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Fig. 6.1: Comparison between circular and trochoidal flute movement (data from [Gra04]).
Table 6.1: Identified specific process force coefficients by the ACFM. Trochoidal path model
was used for the simulated process forces.
immersion Ktc Krc Kac Kte Kre Kae
[N/mm2] [N/mm2] [N/mm2] [N/mm] [N/mm] [N/mm]
full 1, 872.2 503.0 1, 145.0 33.2 61.1 –4.8
50%-down 1, 917.8 498.2 1, 154.2 32.6 60.7 –5.0
50%-up 1, 849.4 548.8 1, 131.3 33.4 60.4 –4.5
25%-down 1, 974.5 522.6 1, 181.7 32.2 60.4 –5.3
25%-up 1, 878.7 569.9 1, 146.8 33.0 60.5 –4.7
10%-down 2, 089.8 577.1 1, 235.5 32.1 60.5 –5.5
10%-up 1, 964.3 621.1 1, 190.9 32.7 60.6 –5.0
and identified coefficients is significant. The identified radial cutting force coefficient Krc for 10%-
up-milling deviates from the actual theoretical value by 21%.
To reduce this systematical error, the developed PSO algorithm (Chapter 4.4) is used to identify
the coefficients from the instantaneous cutting forces. Based on the mean value of the simulated
forces for fz = 0.16 mm, the following lower and upper boundary values were chosen:
pi,k =̂
[
Ktc Krc Kac Kte Kre Kae
]
plb =
[
1, 000 Nmm2 300
N
mm2 800
N
mm2 –50
N
mm –50
N
mm –50
N
mm
]
plb =
[
2, 200 Nmm2 700
N
mm2 1, 400
N
mm2 100
N
mm 100
N
mm 100
N
mm
] (6.2)
Numerical heuristic optimization methods tend to fall into a local optimum. Thus, the algorithm
was executed 500 times to find the best solution. The results are listed in Table 6.2. As the results
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Table 6.2: Identified specific process force coefficients by PSO algorithm based on the ICFM.
Trochoidal path model was used for the simulated process forces (fz = 0.16 mm).
immersion Ktc Krc Kac Kte Kre Kae
[N/mm2] [N/mm2] [N/mm2] [N/mm] [N/mm] [N/mm]
full 1, 843.8 513.1 1, 118.7 33.9 60.8 –4.2
50%-down 1, 844.1 513.0 1, 118.8 33.9 60.8 –4.2
50%-up 1, 844.3 513.0 1, 118.7 33.9 60.8 –4.2
25%-down 1, 844.0 513.0 1, 118.7 33.9 60.8 –4.2
25%-up 1, 844.1 513.0 1, 118.7 33.9 60.8 –4.2
10%-down 1, 843.8 511.9 1, 118.7 33.9 60.8 –4.2
10%-up 1, 843.7 512.4 1, 118.7 33.9 60.8 –4.2
show, there is almost no deviation (highest error:–0.2% for Ktc at 10%-down-milling). Fig. 6.2
shows an example of the progress of the PSO algorithm for 500 executions.
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Fig. 6.2: Evaluation and analysis of the PSO results.
After 20 swarm iterations, the global swarm fitness Fg,k converges to a constant value, as shown
in Fig. 6.2 a). For this theoretical identification with no noise or dynamical caused deviations,
the best swarm fitness Fg,k reaches a deviation value of almost 0 N. Fig. 6.2 b) shows the
resulting value for Ktc if all 500 results are considered. The identified values of Ktc are normally
distributed and the resulting mean value μ = 512.7 N/mm2 almost corresponds to the exact
reference value. This proves the effectiveness of the applied PSO algorithm. In the following
section, the identification analysis is extended by tool runout.
6.1.2 Influence of Tool Runout on Process Force Coefficient Identification
The amplitudes of the process forces for each flute can noticeably vary in case of tool runout. The
ACFM does not consider tool runout. An implementation into the analytical expression for the co-
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Fig. 6.3: Influence of tool runout on the process forces. The dotted lines and round markers
have the same runout error for all four diagrams.
efficient identification would increase the complexity significantly. For the ICFM, the consideration
of tool runout errors is possible [Gro15]. For the following investigations, the same data as in the
previous section is used (Fig. 6.1). Fig. 6.3 shows the resulting deviations for the mean values
of the simulated process forces with and without tool runout. For the upper diagrams a) and b),
λr is kept constant and ρr is varied. Similar to Eq. 6.1, the percentage difference is calculated as
follows (Fig. 6.3 a) and b)):
ΔF¯f
(
ρr, fz
)
=
(
F¯f
(
λr = 30◦, ρr, fz
)
F¯f
(
λr = 0◦, ρr = 0µm, fz
) – 1) · 100%. (6.3)
With increasing λr and decreasing fz the differences are very significant. In comparison to the
variation of ρr, the variation of the runout location angle λr leads to a smaller influence on the
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Table 6.3: Identification with the ACFM with trochoidal flute paths and runout (data from:
[Gra04]).
immersion Ktc Krc Kac Kte Kre Kae
[N/mm2] [N/mm2] [N/mm2] [N/mm] [N/mm] [N/mm]
full 1, 891.6 538.0 1, 139.9 31.4 57.7 –4.1
50%-down 2, 044.7 536.3 1, 149.1 21.8 54.8 –4.3
50%-up 1, 829.1 677.2 1, 131.0 34.3 48.1 –3.8
25%-down 2, 183.4 668.2 1, 171.5 19.6 48.4 –4.3
25%-up 1, 919.5 824.7 1, 145.0 29.7 43.4 –3.7
10%-down 2, 481.6 1, 047.3 1, 202.4 16.3 37.7 –3.7
10%-up 2, 200.1 1, 212.3 1, 172.8 22.0 35.3 –3.3
mean process forces. The resulting percentage error is calculated by (Fig. 6.3 c) and d)):
ΔF¯f (λr, fz) =
(
F¯f
(
λr, ρr = 10 µm, fz
)
F¯f
(
λr = 0◦, ρr = 0 µm, fz
) – 1) · 100% (6.4)
For λr = 135◦, the force deviation for the investigated process parameters almost disappears.
In such a case, and assuming that most runout errors are not caused by errors of the tool geom-
etry shape, the influence of the tool runout on the process forces could be theoretically reduced
by changing the orientation between the tool and the tool holder. However, the deviation would
increase in case of an end mill with lower helix angle values δj. High helix angles lead to a more
evenly distributed tool runout error (Fig. 2.10), which reduced the peak force differences between
the teeth. For the coefficient identification, a runout offset of ρr = 10µm and runout location angle
λr = 30◦ is chosen for the process force simulation. The identified coefficients based on the
ACFM are listed in Table 6.3. As the results show, the consideration of runout is more than rec-
ommended. For example, without consideration of tool runout, Ktc for 10%-down-milling differs
by 637.5 Nmm2 .
For the ICFM based on the PSO algorithm, the coefficients are initially determined without con-
sidering the runout error to demonstrate the influence of process force deviations. The boundary
values from Eq. 6.2 are used. For 10%-down-milling, the best determined global swarm fitness
value Fg,k is 67.8N with the following identified coefficients: Ktc = 1, 435.0 Nmm2 , Krc = 597.2
N
mm2 ,
Kac = 1043.6 Nmm2 , Kte = 54.8
N
mm , Kre = 53.7
N
mm and Kac = –1.4
N
mm . This indicates that the
application of heuristic algorithms is susceptible for a wrong coefficient identification if the data
of process forces contains errors. Very often experimental data can contain even more errors,
caused by tool wear, runout, non-homogeneity of the workpiece, machine state variation, instru-
mental error, and human error [Ahn11]. The reason why the result of the best global swarm fitness
value Fg,k is misleading lies in the force curve shape of the various coefficients (see [Sel12b, p.
53]). This explains why the identified value for Ktc is too low and the value of Kte is too high,
because both coefficients have similar force curve shapes and therefore have a similar influence
on the overall process force curve shape. Same applies for Krc and Kre. Thus, to overcome
this problem, the mean values for the coefficients are calculated based on the normal distributed
500 results, which yield the following coefficient values: Ktc = 1, 834.6 Nmm2 , Krc = 512.9
N
mm2 ,
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Table 6.4: Identification with the ICFM and PSO algorithm with trochoidal flute paths and runout
(data from: [Gra04]).
immersion Ktc Krc Kac Kte Kre Kae λr ρr
[N/mm2] [N/mm2] [N/mm2] [N/mm] [N/mm] [N/mm] [◦] [mm]
full 1, 838.7 515.2 1, 115.9 34.4 60.6 –4.0 21.6 10.2
50%-down 1, 798.5 509.7 1, 100.6 37.3 60.9 –3.0 30.5 10.8
50%-up 1, 815.8 505.8 1, 100.0 36.3 61.1 –2.7 14.9 10.7
25%-down 1, 771.4 484.1 1, 078.1 37.3 62.4 –2.2 28.3 10.3
25%-up 1, 832.7 510.1 1, 111.5 34.6 60.9 –3.8 30.2 10.2
10%-down 1, 801.6 499.5 1, 095.2 35.6 61.4 –3.2 32.3 10.3
10%-up 1, 954.3 569.7 1, 187.3 29.4 58.9 –6.7 13.2 9.8
Kac = 1, 056.0 Nmm2 , Kte = 30.0
N
mm , Kre = 58.8
N
mm , and Kac = –1.3
N
mm . In case of tool runout,
the undeformed chip thickness changes for varying values ρr and λr. This requires a recalculation
of the undeformed chip thickness. Because of the amount of iterations, computational time would
increase noticeably. Instead, the following procedure is performed: First, as already described
and carried out, the coefficients are estimated without the consideration of tool runout.
Next, the identified coefficients are used for the identification of ρr and λr. This step still remains
time consuming. However, if the coefficients are kept constant and only the runout values are
varied, the likelihood that the PSO algorithm falls into a local optimum can be reduced. With
the identified runout values, the calibration of the coefficients is repeated. The results listed in
Table 6.4 show the validity of this procedure. In the next section, this method is applied for the
calibration of coefficients and tool runout with experimentally obtained process force data.
6.1.3 Influence of Cutting Force Coefficients on Stability
If a dynamic system has a dominant compliance in one coordinate direction, and thus is asym-
metric, the feed forward direction in combination with the feed and feed normal forces can have
a crucial effect on the stability behavior. As it will be shown, whether an increase or decrease of
the process forces or feed direction is an advantage or disadvantage for stability depends on the
dynamics of the system and the engagement conditions (radial immersion).
Based on the system configuration from [Ins08], as already used in Chapter 6.1.1, the influence
of the specific radial cutting force coefficient Krc on process stability is investigated. First, the
resulting feed and feed normal forces for different values of Krc, as shown in Fig. 6.4 a), are con-
sidered. For an equally spaced tool with two flutes, the periodicity of the system is half a tool
revolution. Therefore, the immersion angle φ in the diagrams ranges only from 0◦ to 180◦. On
the basis of the mean values of Ff and FfN the influence on process stability can be assessed.
For full immersion operations, it can be seen from the force profile along φ that the average value
of the feed force Ff increases with increasing Krc. For the feed normal force FfN, it is obvious that
the resulting mean value for FfN is almost the same for small and high values of Krc. This means
that for full immersion operations the mean value of Ff increases if Krc increases while the mean
value of FfN does not change. Thus a negative impact on stability can be assumed in case of full
immersion milling.
However, an actual advantage can be achieved with smaller radial immersions ae. In the dia-
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Fig. 6.4: Influence of the specific radial cutting force coefficient Krc on feed and feed normal
forces (data from [Ins08]).
grams in Fig. 6.4 a) the mean values for the process forces for 20% up- and 5% down-milling
are highlighted. Outside these areas the forces equals 0. The resulting values for F¯f and F¯fN are
shown in Fig. 6.4 b). In case of 20% up-milling, F¯fN can be reduced for Krc = 372 N/mm2 to a
value of 0. At the same time, the absolute value of F¯f increases. For 5% down-milling, higher
values for Krc in the considered range leads to higher absolute values for F¯fN.
However, the absolute values for F¯f decrease. Fig. 6.5 explains to which extent this affects pro-
cess stability. The same 2 DOF systemwith identical modal parameters from [Ins08] for the x- and
y-mode in feed and feed normal direction, respectively, is used as in Chapter 6.2.1. For the upper
left stability chart (case 1), the modal damping dt,y and stiffness kt,y of the y-mode is reduced by
the factor 0.5. Consequently, this mode is more prone to cause an unstable process behavior.
The modal mass mt,y is also decreased by a factor of 0.5 to keep the eigenfrequency ft,y constant
for all investigations. Otherwise, the position of the stability peaks would shift along the spindle
speed axis. As shown, the stability is reduced with increasing Krc. This can be explained by the
higher load on the dominant y-mode, which corresponds to the feed normal direction. The fre-
quency diagrams under the stability chart, which show the dominant chatter frequencies, show
how the dominance of the x-mode for Krc = 100 N/mm2 is replaced by the y-mode in case of
200 N/mm2 and 400 N/mm2. For the stability chart in the middle (case 2), the x- and y-mode are
identical. The stability boundaries seem to show a similar behavior as case 1. However, between
n = 9, 000 min–1 and 10, 500 min–1 an increase of the stability boundary for Krc = 200 N/mm2
compared to 100N/mm2 can be observed. The filled areas outline the achieved stability increase.
A look at the corresponding chatter frequencies reveals that compared to case 1 the shift from
the x-mode to y-mode dominance appears first at Krc = 400 N/mm2. Furthermore, the influence
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Fig. 6.5: Change of stability depending on the specific radial cutting force coefficient Krc and
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of Krc on the eigenfrequencies is more obvious. For a wide range of spindle speeds n the bifurca-
tion type changes from Hopf to flip (see [Sza04]) with increasing Krc (i.e. from n = 14, 700 min–1
to 18, 000 min–1). This explains why for increasing Krc the stability boundaries not merely de-
crease as in case 1 but rather have sligthly different shapes. A wide range of increase for the
chatter boundary is achieved for case 3, where the compliance in feed normal direction (y-mode)
is dominant. Increasing Krc lowers the mean value of Ff (see bottom diagram in Fig. 6.4 b)).
This leads to an increase of the stability limit within a wide range of spindle speeds. Even for
Krc = 400 N/mm2 the dominant chatter frequencies result from the x-mode. Hopf bifurcation
occurs for Krc = 400 N/mm2 which, for the investigated dynamical system and based on the pre-
viously studied frequency diagrams, is a sign of lower stability limits if Krc is further increased.
The complexity of the shown effects increases with the variation of the milling geometry, i.e. with
helix angle δ > 0◦, and for a higher number of eigenmodes. Nevertheless, it can be summarized
that the knowledge of the shown effects can help to increase process stability.
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6.1.4 Speed-Varying Process Force Coefficients
In Chapter 2.4.4 the dependence on the process forces on the cutting speed has been already
discussed. Based on the results of the previous section, it can be deduced to what extent this
affects the stability. Therefore, in the following, the influence of the speed-dependent variation of
Ktc and Krc as well as Kpd on the stability limit is investigated based on experimental data from
[Sel12b], as shown in Fig. 6.6.
IFW©  Gra/72820
ax
ia
l d
ep
th
 o
f c
ut
 a
p
spindle speed n   103
process:
machine:
feed per tooth:
tangential force coeff.:
radial force coeff.:
process damping coeff:
coefficient of friction:
period resolution:
tool diameter:
helix angle:
number of teeth:
corner radius:
radial depth of cut:
chamfer width
chamfer angle
workpiece:
D 
δ 
Nt
R
ae
bf
αf
Al 7075 T651
= 0.12 mm
= variable
= variable
= variable
= 0.3
= 250
slot milling (no coolant)
Heller MCi16
fz
Ktc 
Krc
Kpd
µ
Nk
SELLMEIER:
Ktc 
Krc
Kpd 
exp. stable exp. marginally stable
exp. unstable unstable
stable
variable 
coefficients
co
ef
fic
ie
nt
 K
(n
)
K(n)
K(n)
Kmin
Kmax
20
mm
16
14
12
10
8
4
2
6
0
0 10min-16 7 854321
= 20 mm
= 30°
= 4
= 1 mm
= D
= 0.05 mm
= 1°
= 793.99 N/mm2
= 109.41 N/mm2
= 360,000 N/mm3
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The dashed line corresponds to the calculated stability limit with constant coefficients. It can be
seen that compared to the experimental data the stability at low spindle speed is clearly overesti-
mated. Adjusting the constant coefficients, however, would lead to a decrease of the agreement
at higher spindle speeds. Alternatively, if significant higher coefficient values for lower spindle
speeds are assumed, similar to [Gro14], the deviations between experimental and calculated
stability can be reduced, as shown by the solid line in the stability chart. For the optimized cal-
culation of the stability limit the coefficients follow the curve in the lower diagram in Fig. 6.6. The
available coefficients, shown in the middle of the upper diagram, were probably determined at a
spindle speed n between 1, 000min–1 and 2, 000min–1, which equals a cutting speed vc between
approximately 63 m/min and 126 m/min. Therefore, it is assumed that at lower cutting speeds
the values of the coefficients might increase. In order to take this into account, the curve of the
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spindle speed dependent coefficients K (n) is described by the following equation:
K (n) = Kmin + (Kmax – Kmin)
(
36n1.72 –
48
105
n + 0.07
)
(6.5)
This equation is based on a curve fitting algorithm, with the aim to increase the agreement be-
tween experimental and calculated stability data from Fig. 6.6. Kmin and Kmax are the minimum
and maximum values, respectively, for the spindle speed under consideration and were set as
follows:
Ktc = 1, 200 N/mm2 · · · 650 N/mm2
Krc = 150 N/mm2 · · · 95 N/mm2
Kpd = 480, 000 N/mm3 · · · 180, 000 N/mm3
For reasons of clarity, the formula for the variation of the coefficients is presented here. However,
for calculation reasons, it is advantageous to calculate the matrices Qj,u and Qpd from Eq. 5.1
for the highest and lowest coefficient values, and then apply analogous Eq. 6.5. In accordance
to the literature, it can be summarized that the changes in the forces are particularly high at
low spindle speeds and this must be taken into account for the coefficients for a more precise
prediction of the stability limit. With the chosen equation, the decline of the coefficient values
from approximately n = 500 min–1 to 2, 000 min–1 is considerably higher than the more linear
decrease from 2, 000 min–1 to 10, 000 min–1. As shown in Fig. 6.6, the calculated stability limit
with varying coefficients improves the agreement with the experimental data at low spindle speeds
in comparison to the calculated stability limit from [Sel12b]. In order to determine the relevance
and the actual spindle speed dependent course of the coefficients, for the following application
cases the cutting forces for a wide spindle speed range will be determined experimentally.
6.1.5 Estimation of Process Damping Forces
As mentioned in Chapter 2.3.2, the interference between the workpiece and the chamfered face
of the cutting edge is a complex process consisting of elastic and plastic deformation mecha-
nisms. Thus, the idea of an indentation area Apd is a simplification. Using experimental results
from [Sel09], the consistency of modeling process damping forces based on Apd will be investi-
gated. Sellmeier et al. used a machine which allows to generate an adjustable vibration during
the machining process. To prevent vibration-induced fluctuations of the uncut chip thickness, the
vibrational frequency in feed direction was chosen by the authors to match an integral multiple
of the spindle speed. With the same parameters, including the intended vibration, a time-domain
simulation was carried out to predict process damping forces. An example for the resulting forces
for the one fluted tool with bf = 0.2mm is shown in Fig. 6.7. The illustrated workpiece shows the
generated wavy material removal. The dashed line points to the ideal or vibration-free movement
of the cutting edge. Based on Boolean operations, the time-simulation model from Chapter 5.2
allows a highly precise numerical estimation of the indentation area, denoted as A∗pd. The thick
interrupted black lines mark the edge positions where this method identifies an overlap, which
means that A∗pd > 0. In comparison, the thick interrupted white lines show the identified overlap
according to the simplified method for the estimation of the indentation area (Apd > 0). Obvi-
ously, there are more indentation positions for A∗pd than for Apd. The detailed view for φ = 161◦
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Fig. 6.7: Simulation of the experimentally determined forces for exact and simplified calculation
method of A∗pd and Apd, respectively, with vibration frequency fx = 190.26 Hz and
amplitude Ax = 30µm (data from [Sel09]).
shows the reason for the differences. At this position, the effective clearance angle αeff is greater
than 0, which means for Apd that no indentation occurs. However, the rear part of the chamfer
overlaps with the workpiece, and thus, A∗pd > 0. Due to these contact conditions, no indentation
is identified for Apd at the entrance and the exit sections. The values for the indentation areas
for one tool revolution are shown in the top right diagram. This diagram also shows that with
the simplified method the value of the indentation area is considerably lower. Consistency with
experimental data from [Sel09] is shown in the further diagrams.
By applying the PSO algorithm from Chapter 4.4, the experimental process force data in case of
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no vibration was used for fitting (coefficients are given in the lower part of Fig. 6.7). Next, the
process damping forces, resulting from the indentation area given in the upper diagram, were
superimposed on the fitted non-vibrational forces. Experimental and simulated forces for Apd
are illustrated in the middle diagram. Kpd was iteratively estimated to reach the best fit. A good
agreement for the appearing damping peaks at φ = 60◦ and 110◦ can be reached. Same applies
for A∗pd in the lower diagram. However, Kpd is considerably smaller due to the fact that A∗pd > Apd
for all immersion positions. The highest deviations arise in both cases at the entry and exit posi-
tions. Although in case of A∗pd the indentation at these positions is identified, the values for the
indentation area are obviously too small. It must be noted that in case of the entry deviation, the
main source of error is a low fitness between the simulated and experimental process forces in
case of no vibrations. Looking at the exit conditions, it is surprising that the immersion seems to
end at φ = 210◦ instead of approximately at 180◦. Presumably, for the real case, the indentation
is so high that a smearing of the workpiece material occurs and the contact length between the
tool and workpiece increases. This also leads to presumably additionally dominant elastic defor-
mations at the entry and exit.
In the following, the differences between Apd and A∗pd are discussed by means of further simula-
tions, as shown in Fig. 6.8. For the upper diagrams (Fig. 6.8 a)), the same excitation frequency
and amplitude were used as previously. Additionally, an excitation in feed normal direction is
considered. With constant excitation, the following mean values for the indentation areas for one
revolution A¯pd and A¯
∗
pd, respectively, are obtained for increasing spindle speeds n. In accordance
with the findings from literature, as mentioned in Chapter 2.3.2, the low excitation frequency leads
to a decrease of the indentation area with increasing n. Only in case of very low spindle speeds
the effective clearance angle αeff has such a high value that the following applies: A¯pd > A¯
∗
pd.
This means that in this case the indentation area is overestimated by the simplified estimation
method.
Fig. 6.8 b) shows the indentation areas for a constantly high spindle speed and increasing ex-
citation frequencies. Both values of A¯pd and A¯
∗
pd increase with higher excitation frequencies.
However, the increase of A¯∗pd is greater than for A¯pd. The reason is that the indentation area ex-
ceeds the width of the chamfer bf, similar to the detailed view for φ = 161◦ in Fig. 6.7, and exits
the cutting edge under the clearance face and not the chamfer face. Theoretically, it is possible
to extend the simplified method by basic trigonometric relations to take into account this area.
However, with increasing excitation frequencies an overestimation occurs similar to the case in
Fig 6.8 a). For the sake of completeness, it must be noted that further numerical issues may arise
in case of low spindle speeds and high excitations frequencies. In such a case, multiple peaks
of the workpiece are engaged with interruptions in the tool edge. Such an indentation condition
is not considered by the simplified estimation method. Another noteworthy behavior for the exci-
tation in feed normal direction is the sawtooth like increase of the indentation area. This effect is
caused by the varying number of excitation peaks present on the tooth path, which can favor the
overall indentation.
The studies shown here indicate possible errors in the calculation of process damping using the
simple method for calculating the indentation area. The effects on the value of Kpd and at which
immersion positions damping actually occurs are shown in Fig. 6.7. Especially with increasing
excitation frequencies, the deviations may increase as well (Fig. 6.8). Since the system has to be
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linear to predict stability with the SD method, only this calculation method for taking the process
damping into account is possible. Theoretically, an a priori calculation of the indentation area is
possible to avoid non-linearity, as shown in [Bac10] using the shooting method. However, this
method is limited to systems with a single time-delay and thus can not be applied in this work.
6.2 Tool Geometry
The geometric attributes of an end mill have a relevant influence on the dynamical process be-
havior as well as the machined surface quality. The following first section deals with time delay
changes in case of recessed flutes and its impact on stability. In order to focus on the influence of
the radial offsetΔR on stability, only sharp cutting edges are considered. Thus, process damping
effects can be neglected. In the second section, runout is considered in the same way with the
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reasoning that although runout is a disturbance, it still is included in the tool geometry specifica-
tions (Chapter 4.3). Finally, it is shown how certain tool geometry attributes affect the shape and
intensity of deformations of the machined surface. Again, the influence of radial offset and runout
is the main focus.
6.2.1 Influence of Radial Offset on Time Delays and Stability
As mentioned in Chapter 2.3.1, the reduced uncut chip thickness h caused by a radial offsetΔR
can be corrected by adjusting the tooth pitch p. For the sake of simplicity, a circular flute trajectory
is assumed to calculate the necessary tooth pitch for an equally distributed load:
p =
2pi
Nt
(
1 –
ΔR
fz
)
(6.6)
From this equation it follows that a flute with a radial offset always has a smaller tooth pitch than
the preceding flute with no offset (ΔR = 0 µm). Conversely, this equation can be solved for ΔR
to determine the necessary radial offset to reach a balanced load for a given non-equal tooth
pitch. This leads to an equal effective feed per tooth fj,u for all flutes (Eq. 4.7). In case of a four
fluted end mill with a non-equal tooth pitch of p = [80◦, 100◦], a radial offset of ΔR = 13.3 µm
leads to a balanced load for all flutes. However, if the trochoidal trajectory of the flutes is
considered, ΔR needs to be slightly reduced to reach a balanced load, as shown in Fig. 6.9.
For the sake of clarity, a helix angle of δ = 0◦ is chosen. The top left diagram shows the
individual feed forces Ff,j of all j-flutes in case of no radial offset. The unequal tooth pitch leads
to alternating undeformed chip thickness values and maximum values of Ff,j. In comparison,
the top right diagram represents the forces in case of a radial offset of ΔR = 10 µm. The gray
lines correspond to the curves in the left diagram (ΔR = 0 µm). Undeformed chip thicknesses
and maximum values of Ff,j are almost equal for all flutes. However, entry and exit position of
all flutes change due to ΔR, which is represented by the markers. The detailed view A shows
how the point of entry of flute z1 occurs earlier (square shaped marker). Simultaneously, the
entry of flute z4 (ΔR = 10 µm) is delayed (round shaped marker). The dotted trajectory shows
the the position of flute z4 in case of no radial offset (z4∗). The exit situation is shown in the
detailed view B. z4 is earlier out of cut (triangle shaped marker) while the immersion range of z1
increases (rhombus shaped marker). The position of the markers for all flutes are also included
in the top right diagram. The shaded areas show the gaps which result from the shifted entry and
exit position of the flutes. Accordingly, the course of the feed force changes (middle diagram).
However, the most noteworthy difference is shown in the lower diagrams. In case of the tool with
unequal tooth pitches and no radial offset, two different time delays occur during one revolution
(left diagram). As it can be seen, the radial offset leads to additional time delays. Near φ ≈ 90◦,
the earlier exit of z4 and delayed entry of z2 cause a gap. At this position, only the time delay
of z1 is present. Same applies at φ ≈ 270◦. At the entry and exit position of z1 near φ ≈ 0◦
and φ ≈ 180◦, an additional time delay occurs (see detailed view C). Same applies for flute
z3. At these positions the recessed flutes are not in cut. Therefore, the additional time delay
corresponds to the tooth pitch p1,3 = p3,1 = 180◦ of the diametrical arranged flutes z1 and z3.
The mentioned gaps combined with the additional time delays contribute to a disturbance of the
regenerative effect. In analogy to end mills with unequal tooth pitches, this may induce additional
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Fig. 6.9: Force and time delay variation in case of flutes with ΔR > 0 µm.
stable positions. By increasing the radial offset, the duration of these additional time delays can
be expanded as shown in Fig. 6.10 a). The undeformed chip thickness area A2 of the recessed
flute z2 decreases with increasing ΔR. As a consequence, the flute z3 removes at its entry and
exit position larger portions of material left behind by flute z1.
For the given tool from Fig. 6.10, the possible immersion rate of a tooth pitch pj,u in de-
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Fig. 6.10: Immersion conditions in dependance on the radial offset value ΔR.
pendance of ΔR can be determined by the following formula (Eq. 4.4):
rim,j,u =
Nk∑
d=1
gj,u (dT,ΔR)
max

Nk∑
d=1
gj,u (dT,ΔR = 0) ,
Nk∑
d=1
gj,u (dT,ΔR = D/2)
 100%
(6.7)
As it can be seen, the immersion rate for the tooth pitch p3,1 increases with higher values for
ΔR. However, this also results in a higher load for the flutes z3 and z1, as shown in Fig 6.10 b).
A balanced load based on the maximum value of the individual feed forces Ff,j is reached near
ΔR = 10.7 µm. It must be noted, however, that for the new tool concept it can be expected that
the forces of the recessed flutes are higher due to induced damping forces of the chamfers. For
ΔR = 110µm, the flutes with no offset reach their maximum value. At higher values the recessed
flutes are in cut outside the range of the highest undeformed chip thickness of the flutes with no
offset. Finally, at ΔR = 133.5 µm the recessed flutes have no engagement into the material.
The corresponding active tooth pitches are shown in the lower diagram. The immersion rate
indicates how the radial offset affects the engagement length of a tooth pitch in comparison to the
total engagement length in case of no radial offset. An increase ofΔR causes a decrease of the
immersion rate of p2,1. Same applies for p3,2. However, the total immersion length for the regular
flute z3 does not decrease due to the increasing immersion range of p3,1. As already mentioned,
this shift of the time delay makes a disturbance of the regenerative effect more likely.
The influence of the radial offsetΔR on process stability is to be determined with the aid of realistic
and general input parameters. Therefore, an experimental modal analysis was carried out on a
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Fig. 6.11: Experimental setup with dummy tool and obtained FRF.
Heller MCi16 machine tool. The experimental configuration is shown in Fig. 6.11. In order to
obtain frequency responses which are independent of the tool geometry, e.g. the helix angle or
the number of flutes, a dummy tool is used. The excitation of the dummy tool is performed at the
uppermost exposed point with an impact hammer (PCB Piezotronics 086C03). The response is
measured with a triaxial accelerometer. The experimental FRF in x-direction is shown in the lower
part of Fig. 6.11. Furthermore, the spectral coherence is also given in the diagram to assure the
causality between input (hammer impact) and output (tool deflection). The most dominant modes
were selected for a fit of the experimental FRF, represented by the dashed line, using an adapted
version of the presented PSO algorithm in Chapter 4.4. The resulting modal parameters are given
in Table 6.5. It is assumed, for the sake of simplicity, that the compliance in x- and y-direction
is similar. Thus, the modal parameters in y-direction have the same values. Furthermore, it is
assumed that the workpiece has a high stiffness. Thus, in comparison to the dummy tool, its
dynamical behavior is neglected. Stability charts for different values for the radial offset ΔR are
shown in Fig. 6.12. For the calculation of the stability, the tool is modeled with equally distributed
flutes and with a corner radius R = 0. Two diametrical arranged flutes have a radial offset with
the same value. In order to underline the effect ofΔR on stability, a feed per tooth fz of 0.3mm is
selected. Thus, a noticeable influence ofΔR on time delays can be achieved. This is particularly
necessary because, as it can be seen in Fig. 6.12, there is no noticeable differences in the
stability limit between a reference tool (ΔR = 0 µm, solid black line) and a tool with a low radial
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Table 6.5: Modal parameters for the dummy tool in x-direction.
mode i f.,.i m.,.i k.,.i ζ.,.i
[–] [Hz] [kg] [N/µm] [–]
ft,xi 1 105.4 111.55 48.93 0.1349
2 468.86 3.74 32.48 0.0843
3 1218.46 0.82 47.92 0.0429
4 2364.13 0.28 62.41 0.0339
5 3357.20 0.34 151.64 0.0275
IFW©  Gra/72844
ax
ia
l d
ep
th
 o
f c
ut
 a
p
m
ax
im
um
 fo
rc
es
 m
ax
(F
) 
discretization:
tan. cutting force coeff.:
rad. cutting force coeff.:
tan. edge coeff.:
rad. edge coeff.:
tool diameter:
helix angle:
number of teeth:
radial depth of cut:
feed per tooth:
spindle speed n   103
4 20 3000 100 µmmin–11686 12 1410
D
δ 
Nt
ae
fz
= 20 mm
= 30°
= 4
= D
= 0.30 mm
= 720, Nz = 20
= 700 N/mm2
= 200 N/mm2
= 10 N/mm
= 10 N/mm
0 
10 20 50 
∆R = 300 µm 
200100
Nk
Ktc
Krc
Kte
Kre
14
mm
10
8
2
4
6
0
3
kN
2
1.5
0.5
1
FfN
Ff
0
radial offset ∆R
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process forces in feed and feed normal direction increase as well.
offset (ΔR = 10 µm, dotted line). With increasing values for the radial offset, the gain in the
stability limit also increases. For ΔR = fz, the recessed flutes are almost out of cut. Thus, the
increase is stability is not assigned to ΔR, but rather the reduced number of teeth contributing
to the material removal. The resulting stability limit corresponds to the stability limit of a two
fluted cutter. In this respect, these results are consistent with the knowledge that the asymptotic
stability limit increases with decreasing tooth number Nt [Sil05, p. 1544 f.]. However, it should
be noted that in this case, the actual tooth feed rate is doubled. This has an evident influence
on the process forces, as shown in right diagram in Fig. 6.12. At the highest value for ΔR, the
maximum value for the feed force Ff is more than tripled. This means that it can be assumed
that severe forced vibrations would occur in experimental investigations. Forced vibrations can
be investigated with time-domain simulations, as it will be shown in the next section for tools with
runout.
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6.2.2 Influence of Tool Runout on Time Delays and Stability
As mentioned in Chapter 4.3, a further change of the immersion conditions arises in case of
runout. While the rounout offset ρr does not vary significantly within the same system configura-
tion (machine tool, spindle, tool holder etc.), the runout location angle λr depends on how the tool
is placed in the tool holder. Thus, this angle can vary considerably during each new clamping
of a tool in the tool holder. The influence of λr on the immersion conditions for the hybrid tool is
shown in Fig. 6.13. The radial offset ΔR is constant with a value of 10 µm. This corresponds
roughly to the balanced force load shown in Fig. 6.10. The runout offset ρr has the same value
as ΔR. Angular values for λr extend over the tooth pitch periodicity of 180◦. There are several
notable positions. From λr = 30◦ to 80◦, three active tooth pitches, and thus time delays, occur
for flute z3 during its immersion. Furthermore, the immersion of tooth pitch p3,1, caused by ΔR
(Fig. 6.10), disappears from λr = 0◦ to 30◦. In accordance to Eq. 4.40, the highest radius for flute
z4 occurs at λr = 100◦. As a consequence, the highest immersion range for flute z4 is reached
at this angular position. These results show that runout can have a significant influence on the
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Fig. 6.13: Example of possible immersion conditions in case of a tool with an unequal tooth
pitch p, radial offset ΔR and runout offset ρr with varying runout location angles λr.
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engagement conditions, and thus, time delays of the hybrid tool. Consequently, runout should be
taken into account for the stability prediction.
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forces in feed and feed normal direction increase as well.
On the basis of the experimental configuration from Chapter 6.2.1, stability charts for different
runout errors are calculated, which is shown in Fig 6.14.
In analogy to the stability charts for tools with different radial offsets ΔR (Fig. 6.12), the stability
is also significantly higher with increasing runout offsets ρr. The maximum value for the process
forces is also increasing, shown at the right diagram in Fig. 6.14, which in turn may lead to
forced vibrations. Comparatively low values for ρr have no effect on stability. This is in line with
the findings from [Ins08]. However, it cannot be excluded that upon further modification of the
tool geometry, e.g. unequal tooth pitch or radial offset ΔR, stability might be influenced even
in case of low values of ρr. Furthermore, a different position of λr could also contribute to this
(Fig. 6.13).
In contrast to the presented stability charts predicted by the SD method, the time-domain sim-
ulations carried out by Schmitz et al. showed that runout error can actually reduce the stability
considerably and especially if the spindle frequency coincides with a natural frequency of the
system [Sch07]. Thus, this is in contradiction to the fact that in general stability is particularly
high at these frequencies (Fig. 2.4). This points to the already mentioned possible influence of
forced vibrations. A detailed analysis for this case is given in Fig. 6.15. The left side shows the
dynamical behavior during the machining operation in case of no runout. Severe chatter marks
are visible at the flank faces of the machined surfaces (Fig. 6.15 a)). In case of a radial runout of
ρr = 200 µm, chatter marks occur only at the exit position of the tool. Otherwise the process is
stable. The visible surface marks correspond to the feed per tool revolution Ntfz = 1.2 mm. Note
that in case of ρr > 0, the radial immersion ae increases, which is taken into account in the simu-
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Fig. 6.15: Comparison of the dynamical behavior of a tool in case of no runout and runout.
lation (Chapter 4.3). The increased ae can be approximated as follows: ae ≈ D+2ρr = 20.4mm.
The upper diagrams in Fig. 6.15 b) show the feed and feed normal forces for the whole en-
gagement time range. The maximum absolute force amplitudes for both processes are similar.
However, it can be seen from the shape of the entire force curves that, in case of runout error,
the maximum force amplitude is dominated by a single flute, as also visible in the machined flank
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surfaces. To emphasize that, despite the high amplitudes of the force signal in both cases, it
can be detected that the process is stable in case of the runout error, the force signals are ad-
ditionally represented as Poincaré maps, plotted as points in the force signal diagrams. The
sampling time of the Poincaré maps corresponds to the time for one tool revolution 1/n. If the
period of the force signals correspond to the tooth passing frequency ft or the spindle frequency
fs, the Poincaré points have almost the same value, and thus, form a line. This is the case for
the process with ρr = 200 µm. It means that ft or fs dominates the force signal, and not a chatter
frequency. Thus, the process is stable. In accordance to this, it can be stated that if large vibra-
tion amplitudes occur but the machined surface has a regular pattern without chatter marks, the
process can be classified as stable [Sté14]. For the process with no runout error, the Poincaré
points have different values. This means that the signal is not dominated by ft or a multiple of ft,
but rather a self-excited vibration. Thus, for the process with no runout, chatter vibrations cause
an unstable process behavior.
In analogy to the simulated force signals, the simulated displacements, shown in the bottom di-
agrams in Fig. 6.15 b), leads again to similar maximum absolute amplitudes. In the case of no
severe runout error, the distinction between a stable and unstable process can be made on the
basis of the amplitude. However, this does not apply in case of high runout errors. Due to the
dominance of a single cutting flute and the resulting high force amplitude, the displacement is
correspondingly high. However, this results in forced vibrations and not as already mentioned
chatter vibrations. This is also clear from the FFT of the displacement signals, as shown in Fig.
6.15 c). The chatter frequency in case of no runout corresponds to the 3rd eigenmode of the sys-
tem (Table 6.5). Based on the comparison for this single operating point at n = 9, 500 min–1, the
results of the time-domain simulations are in line with the predicted stability with the SD method
(Fig. 6.14).
Since the displacement for a tool with a severe runout error is almost always high due to forced
vibrations, a direct comparison of the stability between a process with and without runout based
on the maximum displacement amplitude is not expedient. Instead, the amplitude ratio metric
ramp is used (Chapter 5.2). On the basis of this procedure, two time-domain stability charts are
predicted, as shown in Fig. 6.16. The spindle speed n and axial immersion ap are discretized in
200 min–1 and 1 mm steps, respectively. The upper diagram shows the predicted stability chart
for ρr = 0 µm. The stability limit was set at an amplitude ratio of ramp = 2. This delimitation is
illustrated by the plotted contour line. For a direct comparison, the stability limit predicted with the
SD method is also shown (represented by the dashed line, see Fig. 6.14). As can be seen, there
is a good agreement between the stability limit derived from the SD method and time-domain
simulation. The match can certainly be improved by reducing the increment for ap and n in the
time-domain simulation. Between n = 16, 000min–1 to 20, 000min–1 high discrepancies arise. A
possible cause is that for the time-domain simulation edge forces are taken into account, which
can significantly increase or decrease stability [Cam03]. Due to the fact that the discrepancy for
this spindle speed range occurs in both processes, it can be assumed that it is not caused by
the runout error. Thus, the stability prediction with runout consideration yields the same result for
both calculation methods.
For the process without runout, the highest values for ramp are approximately 180. In comparison
to that, the highest values for ramp in case of runout range near 6. Thus, the transition between
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Fig. 6.16: Evaluation of the runout effect on stability based on time-domain simulations (dashed
lines represent SD stability for comparison).
a stable and unstable process seems comparatively less distinctive. The reason for this lower
values are the large periodic forces. Due to this fact the values for Astat,f increase, and thus, ramp
decreases, as it follows from Eq. 5.33. However, it can be seen that the predicted stability limit
based on the time-domain simulation is higher for most spindle speeds compared to process
without runout error. This illustrates that the regenerative effect in the case of high values for
radial runout ρr may possibly be mitigated.
From the investigation of the previous and current section, it can be summarized that certain
values for ΔR and ρr may lead to an increase of process stability. However, in the next section
it will be explained to what extent even low values of these geometrical tool attributes can affect
the surface quality.
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6.2.3 Influence on Surface Deformation
With the time-domain simulation (Chapter 5.2), the shape of the surface deformation error of the
flank face can be estimated based on the simulated process forces. The concept of this method
will be explained using the example shown in Fig. 6.17.
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Fig. 6.17: Example of the acting feed normal forces during the generation of the final surface
(cutting and edge coefficients from Fig. 6.1, setup from [Fuj77]).
The data from Fujii is used due to the fact that the he made experimental investigations for differ-
ent radial depth of cuts ap as well as for up- and down-milling, while keeping all other parameters
constant. The left picture shows the moment in which the final surface is cut at the position
marked by a circle (z = 10 mm). It can be seen here that, for this moment, the teeth z1 and
z4 are engaged. The resulting feed normal force is attributed to the current z-position. For each
position in z-direction, the resulting feed normal forces withing the marked section (dashed lines)
need to be identified. If all cutting edges have the same angular distance from each other, the
length of this section corresponds approximately to fz. In this example, it starts with the entrance
of tooth z1 and ends at the position of the entrance of the following tooth z2. With the presented
method for milling force calculation in Chapter 4, the corresponding discrete feed normal force
FfN along the z-axis can be associated with this section. The diagram on the right in Fig. 6.17
shows the resulting feed normal forces along the z-axis. Besides the mean value, the maximum
and minimum values are also shown. The variation range between the maximum and minimum
values for end mills with an ordinary geometric shape (equal tooth pitch, constant helix angle
etc.) is rather small. The course of the curves illustrate the changing immersion conditions. With
increasing axial position, the influence of the preceding flute decreases, leading to smaller val-
ues for the forces. This shape of the feed normal forces shows similarities to the shape of the
deflection (see deflection in case of up-milling with low immersion in Fig. 2.11).
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On the basis of the experimental data from [Fuj77], the similarities between the surface deforma-
tion error and the shape of the force curve, which result from the acting feed normal forces during
the generation of the final surface, are investigated, as shown in Fig. 6.18.
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Fig. 6.18: Comparison between the shape of the acting feed normal forces during the
generation of the final surface and the surface deformation error for up- and
down-milling (cutting and edge coefficients from Fig. 6.1, experimental data from
[Fuj77]).
Fujiimeasured the surface topography of the workpiece with a dial gauge [Fuj77]. The diagrams
at the top show the results for up-milling and different axial immersion conditions. Positive values
for the y-axis correspond to a decrease in the material removal. As shown in the top left diagram,
a significant increase of the surface deformation error occurs for ae = 10 mm in comparison to
ae = 2mm. The top right diagram shows the simulated acting feed normal forces during the gen-
eration of the final surface. Since the coefficients for the steel material SS41 cannot be derived
from [Fuj77], cutting and edge coefficients as given in Fig. 6.1 were used for the simulation of the
acting feed normal forces during the generation of the final surface. While a continuous curve is
obtained for ae = 10mm, a discontinuity can be observed at lower radial immersions. In the case
of low radial immersions, only one cutting edge is engaged. At high axial positions, the cutting
flute is out of cut in the lower axial region and leads to the seen course [Des12]. The shapes
of the acting feed normal forces during the generation of the final surface clearly correspond to
the shapes of the measured surface deformations. For the sake of clarity, the force curves have
been added to the surface topography diagram as thick gray lines. The same result is obtained
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in down-milling, as shown in the lower diagrams.
Consequently, this method enables the prediction of the shape deformation of the machined flank
face. Thus, the influence of the end mill geometry on surface deformation error can be predicted,
as shown in Fig. 6.19.
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Fig. 6.19: Influence of the end mill geometry on the resulting feed normal forces during the
generation of the final surface (cutting and edge coefficients from Fig. 6.1, setup
from [Fuj77]).
The first diagram on the left shows the impact of an unequal tooth pitch. For a direct comparison,
the dotted line in all diagrams represents the reference tool from [Fuj77]. As it can be seen, an
unequal tooth pitch leads to an increased deflection at higher axial positions. The reason for this
is that due to the reduced tooth pitch p1,4 = 80◦ (straight line), an earlier entry of the following
cutting flute into the workpiece occurs. At the same time, the increased tooth pitch p2,1 = 100◦
leads to a later entry of the following cutting flute. The resulting curve shows the mean value,
which is increased in comparison to the reference tool. The dashed lines have an even higher
difference for the tooth pitches. As a result, the above-described effect is significantly increased
and becomes even visible for small axial positions. An unequal tooth pitch leads not only to
increased acting feed normal forces during the generation of the final surface. The kinematic
roughness Rth also increased due to the varying feed per tooth values, as described in Eq. 2.9.
Based on Eq. 2.9, for the reference tool and the given process parameters Rth equals 0.07 µm.
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In analogy to this, Rth for end mills with an unequal tooth pitch can be calculated as follows:
Rth =
D –
√
D2 –
(max(p)
2pi
Ntfz
)2
2
(6.8)
For the end mill with an unequal tooth pitch of [100◦, 80◦], Rth = 0.09µm. In case of [120◦, 60◦],
Rth increases to 0.13 µm.
The next diagram shows the effect of the radial offsetΔR on the acting feed normal forces during
the generation of the final surface. Due to the offset, teeth z1 and z3 need to remove more
material which causes an increase of the feed normal forces. In case ofΔR = 50µm, z2 and z4
are completely out of cut for the small radial immersion of ae = 1 mm. Thus, only two flutes are
in cut and consequently the feed per tooth is doubled. Therefore, the calculation of the kinematic
roughness requires a case distinction:
Rth =

D –
√
D2 – 4f2z
2
, if ΔR >
D –
√
D2 – 4f2z
2
D
2
(
1 –
√
1 –
(
f2z + DΔR – ΔR2
Dfz
)2)
, otherwise
(6.9)
The first case is valid if the recessed flutes do not contribute to the machining of the final surface.
Otherwise, the second case applies. For both radial offset values the first case applies. Thus, Rth
does not depend on ΔR which leads to the same value for the kinematic roughness of 0.29 µm
forΔR = 10µm as well as for 50µm. Moreover, the radial offset causes a kinematic roughness
which is more than four times higher compared to the reference tool.
The third diagram shows how a radial offset and an unequal tooth pitch can be combined in
order to decrease the absolute value of the acting feed normal forces during the generation of
the final surface. A similar shape as for the reference tool can be obtained. For the calculation
of Rth, it is sufficient to apply the first case of Eq. 6.9. Thus, the same Rth results as for the tool
geometries with recessed flutes and uniform tooth pitch (Rth = 0.29µm). This end mill geometry
corresponds to the hybrid tool geometry and will be further investigated in Chapter 7 on the basis
of experimental data.
In the last diagram, the effect of tool runout on the acting FfN during the generation of the final
surface is shown. As described in Chapter 4.3, the immersion conditions change along z-axis.
For the shown case, this leads to tilted increase of the acting feed normal forces during the
generation of the final surface at lower axial positions. Furthermore, as mentioned in Chapter
4.3, this also changes Rth and may superimpose the influence of the end mill geometry.
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7 Experimental Evaluation
In the following, experimental investigations are carried out with the new tool concept with dif-
ferent values for the radial offset ΔR. For comparison purposes, the investigations also include
tools with chamfered flutes and without chamfered flutes (”sharp” cutting edges). Besides the
chamfers and the radial offset, all other geometric attributes are the same for all used tools, as
listed in Table 7.1
Table 7.1: Mutual geometric attributes of the end mills, which will be used. Tools are not coated.
cutting length: l2 = 26 mm
total length: l4 = 92 mm
tool diameter: D = 20 mm
number of teeth: Nt = 4
clearance angle: α = 14◦
rake angle: γ = 14◦
corner radius: R = 1 mm
helix angle: δ = 30◦
tooth pitch: p = [80◦, 100◦]
chamfer width (roughing and hybrid tool): bf = 200 µm
chamfer angle (roughing and hybrid tool): αf = 1◦
To balance the load between the flutes of the hybrid tool in case of ΔR = 10 µm, an unequal
tooth pitch p ≈ [80◦, 100◦] based on Eq. 6.6 was selected (fz = 0.12 mm and Nt = 4). With
increasing values forΔR, the differences of the tooth pitches increase as well. However, it is not
considered by Eq. 6.6 that the load on the roughing flutes may rise due to the chamfers. For this
reason, the mentioned tooth pitch is used for all hybrid tools.
The first part of this Chapter focuses on the experimental identification of the input variables, cut-
ting force coefficients and modal parameters, for the process stability calculation. Following, the
machining process is analyzed based on experimental and predicted stability charts. Finally, the
machined surface quality between the different tools is compared. In this context, the influence
of the chamfer on the heat development in the workpiece is also investigated. As discussed in
Chapter 2, depending on the aluminum alloy high temperatures can have a negative effect on the
material properties.
7.1 Preliminary Experiments
First, an overall comparison between the three different tools (hybrid tool, chamfered cutting
edges and sharp cutting edges) regarding the resulting process forces is performed. Afterwards,
based on the results from Chapter 6.1, cutting force and edge force coefficients are identified
with the instantaneous cutting force method and under consideration of the trochoidal flute path
and the runout error influence. The effect of cutting speed on the coefficients is also considered.
Furthermore, an experimental modal analysis is carried out to identify the dynamic properties of
the system. In order to include the influence of the runout error in the stability prediction, process
forces are measured for the tools that are actually used in the stability analysis. In order to keep
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the same conditions during the stability tests, the clamping between the tool and the toolholder
must not be changed after these cutting tests.
7.1.1 Process Force Comparison with Sharp and Chamfered Tools
Sellmeier showed that if the chamfer width bf and feed per tooth fz are increased, the specific
edge coefficients K.e increase significantly as well [Sel12a, p. 84]. A comparatively minor influ-
ence on the specific cutting coefficients K.c was also observed. Fig. 7.1 shows investigations for
a larger feed per tooth range and including the new tool concept.
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Fig. 7.1: Influence of new tool concept on the mean values of the feed and feed normal force
for full immersion milling tests in dependence of fz.
The chamfer width bf and the radial offsetΔRwere determined using a contour measuring device
(Perthometer Concept Contour PCV200) and an optical measuring machine (Walter Helicheck),
respectively. Forces were measured with a three-component dynamometer. On the left diagram
the arithmetic mean values of the feed and feed normal force F¯f and F¯fN, respectively, for the tool
with sharp cutting edges are shown. Six experiments were conducted at each feed per tooth.
The feed distance was lf = 100 mm for each experiment and corresponds to the length of the
workpiece. The dashed lines with round markers correspond to the mean values of F¯f and F¯fN
from the six experiments. The gray area corresponds to the deviation range. As expected, the
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forces increase linearly with fz and with only small deviations.
A comparison of the process forces between the tool with sharp cutting edges (dashed lines)
and chamfered cutting edges (solid lines) is given in the middle diagram. The distance from the
ordinate and, in particular, the slope of F¯f are significantly higher in case of chamfered cutting
edges. For full immersion milling tests, the following convenient relationship between the mean
process forces and the coefficients applies [Alt00, p. 46]:
F¯f = –
Ntap
4
Krcfz –
Ntap
pi
Kre
F¯fN = +
Ntap
4
Ktcfz –
Ntap
pi
Kte
(7.1)
For the sake of simplicity, influences such as non uniform tooth pitches are not considered at
this point. In the case of high feed rates, the average value of the feed force is almost doubled.
Furthermore, the chamfered cutting edges cause a higher variation range of the mean forces. In
the event that the process is stable in the case of both cutting edge geometries, the use of tools
with chamfered cutting edges results in an increased power consumption and thus in a reduced
efficiency. The mean forces for a hybrid tool with a radial offset ofΔR = 10 µm are shown in the
right diagram of Fig. 7.1. The values of the mean forces range between the values of the tool
with sharp and chamfered cutting edges. In particular, F¯f is significantly lower than for the tool
that has only chamfered edges. Consequently, the required power consumption is lower.
On the basis of these results, it is clear that the increased forces are due to a contact between the
chamfer and the workpiece. No regenerative chatter or large vibrations occurred in all tests that
were carried out. This makes clear that a contact between the chamfer and the workpiece also
occurs when no large vibrations arise during the machining process. This can also be proven
by similar simulations as already carried out in Chapter 6.1.5. Fig. 7.2 a) shows the indentation
area A∗pd in case of no vibrations.
A contact occurs between the rear part of the chamfer and the workpiece along the whole immer-
sion range, similar to the detailed view in Fig. 6.7 at φ = 161◦. If fz increases, A∗pd obviously
increases significantly. Fig. 7.2 b) shows for this case how the damping forces contribute to the
forces in feed and feed normal direction. For fz = 0.32mm, the mean value of the damping force
in feed direction Fpd,f is four times higher than the damping force in feed normal direction Fpd,fN.
This higher increase in feed direction corresponds to the experimental results for the tool with
chamfered cutting edges in Fig. 7.1. The increased damping at high feed rates also coincides
with the experience that an unstable process often becomes stable if feed rate is increased. It
must be noted that the simulation was carried out for a tool with a diameter of D = 10 mm.
In case of D = 20 mm no immersion between the chamfered cutting edge and the workpiece
occurs in the simulation. It can be assumed that the heat-induced expansion of the material as
well as vibrations with small amplitudes are already sufficient for a contact. However, this is not
taken into account during the simulation. The influence of the chamfer on heat development in
the workpiece will be discussed in the experimental results.
In addition to the high forces, a further negative effect of the tool with chamfered cutting edges
appeared at the highest feed rate, as shown in Fig. 7.3.
In two out of six experiments at fz = 0.32 mm, severe smearing occurred. For such high feed
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Fig. 7.3: Smearing caused by the end mill with chamfered cutting edges at high feed per tooth.
rates, the effective clearance angle αeff can become negative in the area of the chamfer. Thus,
the heat induced into the workpiece due to its contact with the chamfer increases noticeably. In
such a case, the chamfer angle αf must be increased. In addition to strong smearing traces at the
machined surface, the workpiece material adhered on the tool. As shown in the diagram, forces
increased abruptly, similar to chatter occurrence, at the beginning of the smearing after a feed
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distance of approximately 37 mm.
In summary, these investigations already show the first advantages of the new tool concept. The
process forces are lower compared to the tool with chamfered cutting edges. As a result, the heat
generation as well as the required power is also lower. This in turn can reduce the incidence of
smearing and increase productivity, respectively.
7.1.2 Identification of Cutting Force Coefficients
Further process force experiments are carried out for the semi-empirical determination of the
specific cutting and edge coefficients, which are necessary for the stability prediction. With the
knowledge gained in the previous section, the following process force tests were designed to
reduce as many occurring disturbances as possible. The goal is to find out, if under these con-
ditions the same cutting coefficients (Ktc, Krc and Kac) can be used for stability prediction for all
tools or if the chamfer also contributes to a change of the cutting forces. Fig. 7.4 shows the test
setup. The image on the left shows the workpiece before the experiments are performed.
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Fig. 7.4: Experimental setup for the identification of the specific cutting and edge coefficients.
The workpiece is mounted on a fixture to shift the height at which the end mill is in cut by 15 mm
in z-direction. This reduces the effective cantilever length of the tool, thereby minimizing tool
deflection deviations. Furthermore, material is removed in the center of the workpiece until a
workpiece thickness of 2mm is reached. In the next step, the actual milling test is performed with
an axial immersion of ap = 2 mm. Without the axial shift, the corner radius R = 1 mm would
have a notable influence on the process forces in case of such a low axial immersion due to a
decrease of the cutting speed (vc = piDn). This will be discussed in detail in the following section.
However, due to the shift in in the tool axis direction, the corner edge radius is moved out from the
82 7 Experimental Evaluation
cutting zone. Furthermore, the lower axial immersion in case of full immersion minimizes the risk
of smearing, as it occurred in case of chamfered cutting edges ( Fig. 7.3). The same workpiece
is used for up- and down-milling. Tests and experiments are carried out with the same strategy of
shifting the end mill by 15mm in z-direction. In case of up- and down-milling, as shown in Chapter
6.1.2, both the ICFM and the ACFM predict values for the specific cutting and edge coefficients
with considerable deviations. Therefore, it will be analyzed if the described method for process
force measurement leads to an improved agreement.
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Themean values of the process forces for all experiments carried out are shown in Fig. 7.5. Com-
pared to the previous tests, the feed range was shifted to smaller values. This also contributes
to a reduction of thermally induced influences on the process forces. Furthermore, in order to
obtain further findings regarding the influence of the radial offsetΔR on the process forces, a tool
with a higher offset was used. A linear slope for all force components could be achieved for all
tools and machining processes. Due to the chosen experimental setup, the differences between
the three tools for full immersion tests are smaller compared to the results from Chapter 7.1.1.
In particular, this can be seen by means of F¯f for the end mill with chamfered cutting edges at
fz = 0.16mm (compare Fig. 7.5 and Fig. 7.1). The slight deviations in the slopes are presumably
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due to different runout errors between the three end mills, as discussed in Chapter 6.1.2. In case
of up- and down-milling with ae = 3 mm, the differences between the tools increase. The influ-
ence of the runout error on the mean process forces increases with low immersions, as shown
in Fig. 6.3. With a large helix angle δ and high values for ap, the impact of the runout error can
be reduced, which results from Eq. 4.37. As a result, the loading of the individual cutting edges
is more uniform. Therefore, for up- and down-milling tests an axial depth of cut of ap = 10 mm
was chosen. However, this simultaneously causes an increase of tool deflection and may lead to
a variation of the actual radial immersion (Chapter 6.2.3).
Supposing that thermal influences are negligible, it can be summarized that the deviating slopes
between the tools and immersion conditionsmay be attributable to runout error and tool deflection.
Thus, a closer look at the process forces for one revolution is considered, as shown in Fig. 7.6.
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Fig. 7.6: Semi-empirical fit (solid lines) of the experimental determined process forces (dashed
lines) by using the ICFM and the PSO algorithm.
The experimental process forces were averaged by means of several tool revolutions in order to
reduce noise and other disturbances. The diagrams show the experimental and simulated data
for full immersion and fz = 0.12mm. As mentioned in Chapter 6.1.2, the ACFM does not consider
runout errors. Further difficulties arise for the consideration of the different immersion conditions
of the flutes of the hybrid tool due toΔR. Thus, the PSO algorithm is used to identify the specific
cutting and edge coefficients based on the ICFM (Chapter 4.4). In the first step, the process forces
for the tool with sharp cutting edges were fitted, as shown in the left diagram. The specific cutting
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coefficients and axial edge coefficient given in the process description result from this initial fit.
The radial and tangential edge coefficients as well as the runout parameters are indicated above
the diagram. A good agreement between the experimental and the simulated forces could be
achieved for all force components. For the semi-empirical fit of the other tools, it was assumed that
only the parameters specified above the diagrams vary. In order to minimize thermal influences
on the forces caused by the contact of the chamfer with the workpiece, a low axial depth of cut
was chosen. Thus, it is assumed that only the tangential and radial edge coefficients change due
to the indentation between the chamfered cutting edge and the workpiece. With this approach, a
well matched fit between experimental and simulated forces could be achieved for the tool with
chamfered cutting edges and the hybrid tool. From these results it follows that the same cutting
force coefficients can be used for the prediction of the stability for all tools.
The prediction of the surface topography is based on the surface generating forces, as described
in Chapter 6.2.3. For this purpose, cutting force coefficients at low radial immersion ae are ana-
lyzed. The cutting tests are carried out in analogy to the full immersion tests, as shown in Fig. 7.4.
It is assumed that the friction conditions between the cutting edge and the workpiece material can
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change depending on the engagement position of the cutting edge. This assumption is based
on the fact that for example the tangential edge coefficient shows for down- and up-milling oper-
ations in opposite directions to the feed velocity vf. Thus, the edge coefficients are redetermined
with the ICFM for up- and down-milling tests. For this identification step, the identified full immer-
sion cutting coefficients are used. Within the individual test series, the tools were released from
the holder and later re-clamped. In this respect, a new identification of the runout is necessary.
While the runout location angle λr may differ from the identified values for the full immersion tests,
the identified runout offset ρr should be expected to have similar values. A comparison between
the experimental and fitted forces in case of up-milling is shown in Fig. 7.7. A good agreement
between the experimentally determined and the fitted forces is achieved. With the selected low
immersion conditions there is only a slight change in the direction of the force components to
the feed direction. This has an obvious influence on the identified edge coefficients. Compared
to the full immersion tests, the tangential cutting edge coefficient Kte increases significantly for
all tested end mills. Furthermore, there is only a marginal difference in the identified values for
ρr between full immersion and up-milling. This confirms the correctness of the identification of
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the runout error based on the ICFM and the PSO algorithm. Only one mentionable deviation be-
tween the experimental and fitted force curves results in the case of the hybrid tool (right diagram
in Fig. 7.7). This difference is due to the increased contact of the chamfered cutting edge of
the recessed flutes with the workpiece. Consequently, the absolute values of the experimental
forces are greater. Thus, an individual value for the friction coefficient would have to be set for
the different flutes.
The results for the down-milling tests are shown in Fig. 7.8. It can be seen that the identified
edge coefficients are significantly lower and even negative compared to full immersion and up-
milling. Especially in comparison to the up-milling tests, the tangential edge force shows in the
opposite direction. This agrees with the assumption that the alignment between the edge force
components and the feed velocity is decisive for the values of the edge coefficients. For the
down-milling tests, a smaller feed per tooth fz was chosen to match the conditions of finishing
operations. When considering the force comparison, the deviations are slightly higher than in
the previous investigations. Especially one flute in case of the tool with sharp cutting edges and
chamfered cutting edges yields higher forces in the experimental data. A possible reason might
be the influence of deflection (Chapter 2.4.2). Furthermore, in case of the hybrid tool, the rough-
ing flutes do not contribute to the machining process at all. This shows that the value for the
radial offset is too high for the selected feed per tooth. As a consequence, the load on the fin-
ishing flutes increases, which negatively impacts the surface finish. Thus, smaller values forΔR
are desirable for finishing. In case of the identified forces for the hybrid tool, the recessed flutes
are in cut for a short immersion segment. This discrepancy between the experimental and fitted
forces may results from the fact that the actual value ΔR of the tested hybrid tool is higher.
7.1.3 Cutting Speed Dependent Process Forces
In Chapter 2.4.4, the significant influence of the cutting speed on the process forces, and thus,
process force coefficients was discussed. The influence of the process force coefficients on
process stability was shown in the preliminary investigations in Chapter 6.1.4. In order to take this
influence into account for stability prediction, further process force tests were carried out, in which
only the spindle speed n was varied. The experimental configuration shown in Fig. 7.1 was used
for this purpose. As discussed in Chapter 2.3.2, a non-linear relationship between process forces
and low cutting speeds can be observed. In order to obtain a more linear correlation between
mean values of the process forces and spindle speeds, only spindle speeds≥ 2, 000min–1 were
considered. The results are shown in Fig. 7.9. The experimental data of the tool with chamfered
cutting edges shows a linear behavior with only slight deviations. Significantly higher fluctuations
can be observed for the experimental data of the hybrid tool, especially in feed normal direction.
However, for all tools, the mean values of the feed and feed normal forces decrease with a nearly
identical slope. Apparently, the higher friction contribution in case of the end mill with chamfered
cutting edges has no significant influence on the slope. Thus, it can be assumed that both the
cutting forces as well as the edge forces and damping forces decrease equally with increasing
spindle speeds. In this respect, the spindle speed dependent coefficients can be calculated as
follows:
Ktc (n) =
–7.08
103
Ns
mm2
(
n – 40 s–1
)
+ 673.3
N
mm2
(7.2)
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Krc (n) =
–6.47
103
Ns
mm2
(
n – 40 s–1
)
+ 169.1
N
mm2
(7.3)
With the known relations from Eq. 7.1, the slopes for Ktc (n) and Krc (n) can be derived from F¯f
and F¯fN, respectively. The values of the slopes are taken from the tool with sharp cutting edges.
The initial values at n = 2, 400 min1 = 40 s–1 correspond to the determined coefficients in
Chapter 7.1.2. Ktc (n) and Krc (n) are used in Eq. 4.15 for the calculation of Qj,u (t, zi). In order
to lower the computational time during the stability calculation using the SD method, it is not
required to recalculate Qj,u (t, zi) explicitly for each considered spindle speed. Instead, Qj,u (t, zi)
is calculated only for the lowest and highest spindle speed and is interpolated in between.
7.1.4 Modal Analysis of Experimental Setup for Stability Tests
The test setup shown in Fig. 7.10 was used for stability studies. An unidirectional flexure with an
in-build displacement sensor similar to [Man03] was designed for the experiments. The advan-
tage of such a structure lies in the reduction of the load on expensive components, in particular
the spindle. Most components are made of aluminum. Only the side walls, which have a thick-
ness of 2 mm, are made of steel C45. The dimensions of the side walls decisively determine the
compliance behavior of the system. For the shown setup, the compliant direction of the flexure
corresponds to the feed direction. To compare forces between the different tools for stable and
unstable conditions, the flexure is mounted on a dynamometer. Furthermore, an accelerometer
is installed beneath the workpiece. Part of the signal bandwidth of the mentioned signal trans-
ducers may be altered due to either the sensor’s frequency response, signal filtering or sensitivity
[Del92], which might affect chatter frequency determination. Therefore, the in-build microphone
of a common smartphone (LG P936) was used additionally to record an audio signal of the ma-
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Fig. 7.10: Experimental setup for machining stability analysis.
chining process. As mentioned in [Mon13, p. 21], there already exist software solutions to use
smartphones for chatter identification. Thus, it will be investigated if such a low cost device can be
used for an acoustic control. Fig. 7.10 shows the protruding part of the clamped workpiece. The
actual height of the workpiece is 50 mm. After every cutting test a new workpiece is used. This
approach is intended to keep influences due to mass reduction low. For thin walled workpieces
[Bra05] but also in case of multiple full immersion tests with large workpieces [Gro14], the mass
reduction can have a significant influence on the natural frequencies and compliance. Thus, this
can lead to a deviation between the experimental and calculated stability limit.
For the identification of the FRF of the workpiece system, consisting of the actual workpiece, the
flexure and the dynamometer, the accelerometer is used for the output signal. The input signal
is acquired with an impact hammer (PCB Piezotronics 086C03) equipped with a medium impact
cap (plastic insert). For the FRF of the tool system, consisting of the actual tool, tool holder and
spindle, a hard impact cap (steel insert) is used. The output signal for the tool system is acquired
with a laser Doppler vibrometer (Polytec OFV 303). Fig. 7.11 shows the resulting FRFs. For
all measurements, the spectral coherence is also given in the diagrams to assure the causality
between input (hammer impact) and output (tool or workpiece deflection). The low coherence
for the FRFs of the tool is due to the fact that a manual impact is always carried out with a
certain deviations from the intended spatial direction. However, by establishing FRFs by means
of several impact tests, a necessary high coherence could be reached, in most decisive frequency
ranges. As desired, the FRF of the workpiece/flexure in y-direction has the highest compliance at
531Hz with a magnitude of approximately 1.4µm/N. To illustrate the discussed impact of a mass
decrease, the measurement for the FRF of the workpiece system was also carried out without the
actual workpiece being clamped on the flexure. The mass reduction of 420g caused a frequency
shift of the aforementioned compliance to 714 Hz and an magnitude decrease to 0.4 µm/N. For
the identification of the modal parameters, the PSO algorithm described in Chapter 4.4 has been
adapted. The determined modal parameters are given in Table 7.2.
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Fig. 7.11: Measured and curve fitted FRFs for the tool and workpiece system in x- and y-
direction. Note the different scales of the x-axis.
7.1.5 Identification of Runout Error
For the process stability prediction, the influence of the runout error is also to be taken into ac-
count. The measured process forces during stability tests are used to determine the runout loca-
tion angle λr and the runout offset ρr using the PSO algorithm (Chapter 7.1.2). Edge coefficients
were also adapted by the PSO algorithm to increase agreement between experimental and fitted
forces. In order to prevent a change of the runout values, the tools must not be removed from
the tool holder during the stability tests. Thus separate tool holders are used for every tool and
clamping is not changed during the tests. Furthermore, the runout identifcation was carried out
during the stability test to prevent any deviations caused by a change of the experimental envi-
ronment. Thus, the experimental setup from Fig. 7.10 was used for the runout identifcation.
The identified runout parameters based on the experimental process force fitting are shown in
Fig. 7.12. With the determined runout parameters ρr and λr, it is possible to check if the rough-
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Table 7.2: Modal parameters of the flexure with workpiece mounted on a dynamometer (fw,xi
and fw,yi) and of the tool, tool holder and spindle (ft,xi and ft,yi).
mode i f.,.i m.,.i k.,.i ζ.,.i
[–] [Hz] [kg] [N/µm] [–]
ft,xi 1 120.3 177.3 101.3 0.1320
2 487.17 6.29 58.97 0.0763
3 881.05 16.48 505 0.0538
4 1285.59 1.42 92.89 0.0740
5 1508.55 3.21 288.02 0.0640
6 2270.51 1.34 272.68 0.1157
7 2406.28 4.59 1048.49 0.0320
8 2572.97 0.75 195.98 0.0344
9 2746.44 1.04 310.95 0.0384
10 3931.65 0.20 121.62 0.0171
ft,yi 1 97.65 85.27 32.1 0.1410
2 471.93 17.10 150.33 0.0264
3 862.28 7.58 222.59 0.0493
4 1269.31 1.76 111.93 0.0529
5 1534.23 4.00 371.30 0.0328
6 1703.38 3.60 412.15 0.0308
7 2294.63 2.31 480.49 0.0531
8 2535.21 0.64 162.20 0.0418
9 3911.80 0.15 87.87 0.0231
fw,xi 1 97.66 197.57 74.38 0.1004
2 183.11 126.98 168.08 0.0545
3 531.01 1.77 19.69 0.0178
4 2447.51 2.91 687.22 0.0159
5 4388.9 1.00 758.34 0.0300
fw,yi 1 373.01 260.34 1430 0.0500
2 771.25 15.33 360 0.0845
3 861.07 8.30 243 0.0490
4 957.75 1.52 55 0.0740
5 1126.88 6.24 312.74 0.0480
6 1239.04 2.00 121 0.0254
7 1928.71 1.59 233.81 0.1106
8 2774.08 3.78 1148.43 0.0418
9 3594.45 5.88 3001 0.0200
10 4811.52 2.19 2000 0.0160
ing flutes of the hybrid tool contribute to the machining of the finished surface, as described in
Chapter 4.3. With a fitted runout offset ρr of 9.6µm the sufficient conditionΔR > 2ρr fromEq. 4.43
is actually not met. Therefore, as recommended in Chapter 4.3, the flute radii with runout rr,j (zi)
are calculated at the axial positions zi = 1 mm and zi = max(ap) = 20 mm, additionally. The
resulting values are given in Table 7.3. The difference in the flute radii for the regular tools with
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Fig. 7.12: Runout determination with PSO algorithm for consideration in process stability
prediction.
Table 7.3: Flute radii rr,j (zi) and angular position φr,j (zi) with runout values from Fig. 7.12. The
radii of the flutes with a radial offset are marked with bold letters.
sharp chamfered hybrid tool
cutting edges cutting edges ΔR = 10 µm
flute j rr,j (zi) φr,j (zi) rr,j (zi) φr,j (zi) rr,j (zi) φr,j (zi)
[–] [mm] [◦] [mm] [◦] [mm] [◦]
zi = 1 mm 1 10.001 3.26 10.096 3.25 9.994 3.26
2 9.991 103.31 9.988 103.28 9.983 103.35
3 9.999 183.36 9.994 183.37 10.006 183.35
4 10.009 283.30 10.012 283.33 9.997 283.27
zi = 20 mm 1 9.992 66.13 9.993 66.10 9.991 66.17
2 9.997 166.21 9.994 166.21 9.993 166.28
3 10.008 246.19 10.007 246.22 10.009 246.15
4 10.003 346.11 10.009 346.11 9.987 346.17
sharp and chamfered cutting edges is rather marginal. In case of the hybrid tool, runout levers
the radial offsetΔR. At zi = 1mm, the radius of the recessed flute 4 is higher than of flute 1. For
zi = 20mm the radius of flute 1 is higher again, due to the influence of the helix angle δ. Instead,
however, the flute 2 has a higher radius than flute 1. Thus, the determined runout theoretical
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leads to a contribution of the recessed flutes to the machining of the final surface. However, it
might be assumed that the contribution is rather marginal and might be neglected, which will be
investigated in Chapter 7.3.1.
7.2 Process Stability Analysis
Experimental stability test are carried out for the tools with sharp as well as chamfered cutting
edges and for the hybrid tool with different values for the radial offsetΔR. A detailed description
of the procedure to classify the dynamic behavior of each cutting test as stable, unstable or
marginally stable is given. The experimental stability results are compared with calculated stability
charts based on the SD method and time-domain simulation.
7.2.1 Comparison with Sharp and Chamfered Tools
Full immersion cutting tests at a series of spindle speeds n and axial immersions ap with the
setup shown in Fig. 7.10 were conducted. Chatter detection is carried out on the basis of the
mentioned sensors in Chapter 7.1.4 as well as the evalution of the machined surface. Two ex-
perimental results for the end mill with sharp cutting edges are shown in Fig. 7.13.
The left side shows an unstable cutting process at n = 8, 000 min–1 and ap = 6 mm. Chatter
marks are clearly visible on the machined surface. First, the audio signal is used for the chatter
frequency detection. Furthermore, a short-time Fourier transform (STFT) is performed in order
to distinguish between frequency amplitudes which occurred during the machining process and
ambient noise. The spectrogram shows which dominant frequencies occurred during the cut-
ting test. The line within the dashed area represents the chatter frequency fc at approximately
4, 000 Hz. The same frequency can be seen in the FFT of the acceleration sensor in x- and
y-direction. On the basis of the amplitudes, it can be stated that the flexibility of the system in the
y-direction is responsible for the instability. This corresponds to the dominant mode of the tool
system ( Fig. 7.11).
The right side of Fig. 7.13 shows an unstable machining process at n = 8, 500 min–1 and
ap = 10 mm. In this case, the chatter frequency was approximately 500 Hz. The spectrogram
shows further dominant lines during the immersion, which are an exact multiple of fc. Analogously
to the previous evaluation, the direction of chatter can be determined by means of the signal of
the acceleration sensor. In this case, unstable behavior has been caused in the x-direction. Fur-
thermore, this frequency corresponds to the dominant mode of the flexure ( Fig. 7.11). These
two examples underline that a microphone of a smartphone enables chatter frequency detection.
However, for the identification of the chatter direction, additional sensors are necessary.
The chatter analysis for all cutting test is shown in the stability charts in Fig. 7.14. The top
diagram shows the stability chart for the end mill with sharp cutting edges. Velocity-dependent
cutting coefficients from Eq. 7.2 and Eq. 7.3 and modal parameters from Table 7.2 were used
for the calculation of the stability chart. As mentioned in Chapter 7.1.3, only spindle speeds
≥ 2, 000 min–1 were considered to avoid the nonlinear behavior of the cutting force coefficients
at low cutting speeds (Chapter 2.3.2). The dotted line represents the stability limit if runout error
is neglected. At the lowest considered spindle speed n = 2, 000 min–1, Ktc and Krc have a
value of 686.76 Nmm2 and 181.39
N
mm2 , respectively. For n = 10, 000 min
–1, the values of Ktc and
Krc are 619.46 Nmm2 and 119.92
N
mm2 , respectively. A good agreement between the experimental
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Fig. 7.13: Example of two unstable cutting processes with different chatter frequencies.
data and the computed stability limit can be found for the investigated spindle speed range. The
spindle speeds n with the highest stability at 6, 500min–1 and 7, 500min–1 are correctly predicted.
Furthermore, as already shown in Chapter 6.2.1, there is no significant difference between the
stability prediction with and without runout consideration. The evaluation of the stability based on
the experimental data at n = 6, 500 min–1 illustrates that, depending on the evaluation method,
a clear distinction between a stable and an unstable process is not always given. Based on
Fig. 7.15, the selected procedure for stability classification is explained. For ap = 14 mm clear
chatter marks are recognizable, as can be seen in Fig. 7.15 a). The unstable process behavior
at this operating point is also confirmed by the signal evaluation in Fig. 7.15 b). The left and right
diagrams show the FFT of the accelerometer in y-direction and of the microphone, respectively.
Both signals show a recognizable chatter frequency fc for ap = 14 mm at 602 Hz. All other
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Fig. 7.14: Experimental and calculated stability charts for the three different end mills.
peaks correspond to a multiple or exactly the spindle speed frequency fs. There are also chatter
marks visible at ap = 13 mm and 12 mm. However, these chatter marks are not as severe as at
14 mm. Furthermore, there is no peak corresponding to a chatter frequency visible in the FFT of
the accelerometer. The existing peaks are multiples of fs. However, the FFT of the microphone
signal shows for the radial depth of cuts chatter peaks at approximately 4, 100 Hz. The FRF
of the tool systems has its highest magnitude near this frequency ( Fig. 7.11). Due to the fact
7 Experimental Evaluation 95
IFW©  Gra/72850
axial 
depth of cut apfrequency f
m
ag
ni
tu
de
 o
f a
cc
el
ar
at
io
n 
a
FFT of accelerometer in y-direction
identified chatter 
frequency fc
m
ag
ni
tu
de
 o
f v
ol
ta
ge
 V
FFT of microphone signal
axial 
depth of cut apfrequency f
radial depth of cut:
feed per tooth:
spindle speed:
cutting speed:
ae
fz
n
vC
workpiece:
tool:
process:
machine:
Al 7075 T651
sharp cutting edges
slot milling (no coolant)
Heller MCi16
a)
b)
multiples of spindle
speed frequency fs fs 
fc 
90
0
500
m/s2
0
0.4
V
1 2 3 kHz 5
10
11
12
mm
14
90 1 2 3 kHz 5
10
11
12
mm
14
= D
= 0.12 mm
= 6,500 min–1
= 408.4 m/min
unstable (ap = 14 mm)
ap = 14 mm ap = 13 mm
ap = 12 mm ap = 11 mm
ap = 10 mm ap = 9 mm
unstable (13 mm)
marg. stable (11 mm) stable (9 mm)marg. stable (10 mm)
unstable (12 mm)
Fig. 7.15: Exemplary procedure for stability classification based on a) surface analysis and b)
signal processing.
96 7 Experimental Evaluation
that besides the chatter marks on the surface a chatter frequency can be identified in one of the
measured signals, these two cutting tests are also classified as unstable. The machined surfaces
at ap = 12 mm and ap = 11 mm have similar chatter marks as at 14 mm and 13 mm. However,
no chatter magnitude arises at any of the measured signals. In this case, no additional load on
the machine tool can be assumed. Thus, both machining operations are classified as marginally
stable. For ap = 9 mm, no chatter marks occured on the machined surface. Therefore, this
process is classified as stable.
The diagram in the middle of Fig. 7.14 shows the stability of the tool with chamfered cutting
edges. As expected, there is a signifiant increase in stability compared to the tool with sharp
cutting edges. For the calculated stability limit the value of the process damping coefficient Kpd
was selected in such a way as to achieve the closest possible match between the experimental
and calculated data. In analogy to the cutting force coefficients, a linear dependence of Kpd on
the spindle speed was chosen. Since the process damping force acts mainly in radial direction,
the same relative slope was selected as for Krc from Eq. 7.3. This leads to the following equation:
Kpd (n) = –2.043
Ns
mm3
n + 54, 086
N
mm3
(7.4)
For n = 2, 000 min–1 and 10, 000 min–1, the process damping coefficient Kpd has a value of
50, 000 Nmm3 and 33, 656
N
mm3 , respectively. A comparison between the experimental data with the
calculated stability limit reveals obvious differences. In particular, the unstable behavior at the low
spindle speed is not correctly predicted. Furthermore, the difference between the stability limit
with and without runout consideration is more distinct in case of process damping. As shown in
[Sel12b] for tools with different chamfer lengths bf, small geometrical variations have a significant
influence on the stability limit in case of process damping. Without consideration of the runout
error, the correspondence between the calculated stability limit and the experimental data even
increases at high spindle speeds. However, since significant deviations are evident in both cal-
culated stability charts, it can be assumed that the incorrect identification is mainly caused by the
simplified model of the process damping, as discussed in Chapter 6.1.5. Furthermore, as shown
in Chapter 7.1.1, process forces of end mills with chamfered cutting edges may change during
the machining process due to the thermal load, which will be investigated in Chapter 7.3.3.
The bottom diagram shows the stability chart of the hybrid tool with a radial offset ofΔR = 10µm.
When looking at the experimental data, a decrease in stability occurs compared with the tool with
chamfered cutting edges. This applies in particular to spindle speeds up to 5, 500 min–1. From
6, 000 min–1, the results are very similar. This shows that, with the right choice of n, the hybrid
tool can provide the same stability as the tool with chamfered cutting edges. In analogy to the
result for the tool with chamfered cutting edges, the consideration of runout yields higher stability
limits for almost all spindle speeds. However, it can also be seen that the computed stability limit
has obvious discrepancies to the experimental data. Thus, no reliable prediction of the dynamical
behavior is possible. It should be mentioned that a change in the damping coefficient Kpd does
not lead to an increase in the consistency. There are probably multiple reasons which cause the
inaccuracies in the prediction. One is the calculation of the simplified indentation area Apd, as
described in Chapter 6.1.5. Furthermore, the implemented process damping model for the SD
method does not consider the fact that damping is not active along the whole immersion range
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(Fig. 6.7). These are model based sources of errors. However, the frictional forces between the
chamfer and the workpiece material lead to an increase of the workpiece material temperature,
which might lower cutting forces. This will be investigated in Chapter 7.3.3. Furthermore, due to
the process damping related deviations, an improvement of stability prediction in case of runout
consideration cannot be stated. Carrying out stability tests with tools with sharp cutting edges
under variation of the runout location angle λr would help to reveal the possible improvement of
the stability prediction in case of runout consideration.
On the basis of the experimental and predicted chatter frequencies, shown in Fig. 7.16, possible
reasons for the deviations between the experimental data and the calculated stability limits can be
determined. The chatter frequencies belong to the stability prediction with runout consideration.
For the tool with sharp cutting edges, the consideration of chatter frequencies confirms the correct
prediction of the stability limit. There is a good agreement between the experimentally determined
and calculated chatter frequencies. This also applies to the direction of the chatter frequency.
Obviously, the chatter frequencies examined in Fig. 7.13 are dominant in the entire speed range.
From the data it can be seen that up to n = 3, 000 min–1 and above 8, 000 min–1 the dominant
mode of the flexure in x-direction caused the instability (Fig. 7.11). In between, the dominant
mode can be assigned to the tool system in y-direction. It can be seen from the FRF of the tool
system that a dominant mode with the same amplitude is present at approximately 4000 Hz in
both directions. The reason why the y-direction is dominant at the chatter frequencies lies in the
higher forces in the feed-normal direction (Fig. 7.1).
The diagram with the chatter frequencies for the tool with the chamfered cutting edges shows that
stability is particularly low in the areas where the natural frequency of the flexure is dominant. Due
to the low frequency, the overlapping area between the chamfered cutting edge and the workpiece
decrease, as explained in Chapter 2.3.2. Thus, based on the determined chatter frequencies of
the tool with sharp cutting edges, it is possible to estimate at which spindle speeds the highest
stability can be achieved with the tool with chamfered cutting edges.
The bottom diagram shows the chatter frequencies of the hybrid tool. The chatter frequencies of
the experimental tests and calculation actually match in most cases. Again, it can be assumed
that the insufficient process damping model leads to the wrong stability limit.
For further analysis of the deviations caused by process damping forces, stability charts are pre-
dicted based on time-domain simulations (compare with Fig. 6.16). As described in Chapter 5.2,
the time-domain simulation allows for a more precise modeling of the contact between the work-
piece and the chamfer possible. This allows to consider process damping forces that arise if
only the rear part of the chamfer is in contact with the workpiece (Chapter 6.1.5). The resulting
stability charts for all three investigated end mills are shown in Fig. 7.17. The identified cutting
edge coefficients shown in Fig. 7.12 are applied to the simulation. For a direct comparison the
stability charts resulting from the SD method are also included (dashed lines). In the case of tool
with sharp cutting edges, there is a good match between the stability limit from the time-domain
simulation (solid line with ramp = 2) and the experimental results. For high spindle speeds above
8, 000 min–1 the agreement with the experimental data is more precise in comparison with the
stability limit from the semi-discrete method. The time-domain simulation takes into account the
edge forces. This explains the differences with the stability limit based on the SD method, as
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Fig. 7.16: Experimental and calculated dominant chatter frequencies fc. The calculated
frequencies fc are linked to the stability charts with runout consideration.
described in Chapter 6.2.2. For a visible comparison between the different tools, the color scale
is set to a maximum value of ramp = 15. The crosshairs in each diagram mark the position with
the highest value for ramp. In case of the tool with sharp cutting edge, the peak value ramp = 40
occurs at n = 3, 000min–1 and ap = 20mm. The maximum value of ramp is significantly reduced
in case of the end mill with chamfered cutting edges. Furthermore, the stability limit resulting from
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Fig. 7.17: Stability prediction based on time-domain simulations. The cutting edge coefficients
for the three tools are given in Fig. 7.12.
the time-domain simulation is also increased. With the proposed method for process damping
consideration, the stability at low cutting speeds is decreased and a better agreement with the
experimental data is reached. With higher spindle speeds, the stability increases. However, the
predicted stability limit lies below the experimental stable data points. Similar to the stability limit
based on the SD method, there is an obvious discrepancy above n = 8, 000 min–1. Discrepan-
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cies also occur for the hybrid tool. At low spindle speeds, although, the stability limit resulting
from the time-domain simulation is decreased in comparison to the SD method, which leads to a
better agreement with the experimental data. However, especially between n = 4, 000min–1 and
6, 000 min–1, the predicted stability is significant lower compared to the experimental results. As
shown in [Sel12a, p. 100 ff.], the discrepancies between experimental and calculated process
stability increases with higher values for the width of chamfer (from bf = 50 µm to bf = 200 µm).
The results for the tool with chamfered edges only and the hybrid tool illustrate that the modeling
of the damping effect needs further extension, e.g. the consideration of the thermal load. The
influence of chamfered cutting edges on stability will be investigated in Chapter 7.3.3.
7.2.2 Influence of the Radial Offset Value on Stability
As it was shown in Chapter 6.2.1, an increased radial offset ΔR can increase the process sta-
bility. This is due to the change in the immersion range of the resulting time-delays, as shown
in Fig. 6.10 b). However, if the recessed flutes have chamfered cutting edges, an increase of
ΔR decreases the effect of process damping. Consequently, there are two competing effects.
Therefore, experimental tests were performed for two further hybrid tools with increased radial
offsets. The resulting stability charts are shown in Fig. 7.18 a). For both hybrid tools the runout
error was taken into account for the calculation of the stability limit. Analogous to the previous
section, deviations between the experimental data and the calculated stability limit arises due to
the influence of process damping forces. Fig. 7.18 b) summarizes the achieved experimental
stability with the hybrid tools. Based on these results, it can be stated that with a small radial
offset, there exist more spindle speed ranges with a high stability limit. However, the tool with a
radial offset ofΔR = 45µm achieved a similar or even slightly higher stability for multiple spindle
speed values. It follows, if the focus of a given machining task lies on finishing, a higher radial
offset can be used. In addition, from this finding the possibility can be deduced to use a milling
cutter with only one chamfered cutting edge and to adjust the radial offset accordingly. The in-
fluence of chamfered cutting edges on the surface quality is included in the investigations in the
following section.
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7.3 Assessment of Surface Quality
The investigations of the process forces have shown that the runout offset ρr is less than 10µm for
the used experimental configuration (Fig. 7.6). Thus, due to the fact that the achievable process
stability is highest at a low offset value (Chapter 7.2.2), the hybrid tool with the smallest radial
offset ΔR = 10 µm is used for the following surface quality investigations. In this respect, it is
assumed that no unintended contact can occur between the chamfers of the hybrid tool and the
machined surface finish. Otherwise, this could lead to an increased burr formation.
In this chapter, the surface quality is evaluated based on the surface topography and burr forma-
tion. Cutting tests are carried out to measure the surface topography. Additionally, the shape of
the surface deformation error is predicted based on the analysis of the acting forces during the
machining of the final flank surface. Further cutting tests are also carried out for the evaluation
of burr formation. Additionally, heat inducement into the workpiece during milling with chamfered
cutting edges will be investigated. This is of importance due to the reason that high temperatures
can lead a negative effect on the material properties.
7.3.1 Surface Topography
First, the surface quality is judged on the basis of the deformed surface resulting from the tool
deflection, as shown in Fig. 7.19. Based on the feed normal force analysis, as described in
Chapter 6.2.3, the shape of the surface topography is predicted and compared with experimen-
tal data. The procedure for measuring the resulting surface influenced by the tool deflection is
shown in Fig. 7.19. In order to compare the results for the different tools, constant immersion
conditions had to be ensured. Therefore, two steps were taken prior to the actual experiment.
As step 1, material was removed to ensure the correct radial immersion ae. Next, step 2 was
carried out to prevent deviations of ap. Step 3 was the actual experiment. For the measure-
ment of the surface topography a profilometer with a confocal point sensor (NanoFocus µscan)
is used. The measurement of the surface topography was not carried out in situ. Thus, in order
to avoid the measurement of an incorrect deformation due to an alignment error of the workpiece
on the measuring table of the profilometer, a reference plane is necessary. The resulting surface
after step 2 at both sides of the workpiece is used for this purpose. Therefore, the same process
parameters and tool were used to machine the reference surfaces to ensure identical topogra-
phies. Based on the symmetry of the reference surfaces, the surface of the actual experiments
is aligned accordingly. Fig. 7.19 shows the result for the end mill with chamfered cutting edges
and ae = 2 mm. The surface topography for the entire engagement path is projected on the
workpiece on the left side. As it can be seen, the displacement is uniform in feed direction. Only
at the point where the tool exits the workpiece the surface topography changes noticeably. The
data in the range of the marked area A is used to calculate the mean value of the deformation in
z-direction, as shown in the first diagram on the right in Fig. 7.19. The second diagram shows the
calculated forces (Chapter 6.2.3). The shape of the solid lines in both diagrams shows similarities
and correlate with the results for down-milling with ae = 2mm from Fig. 6.18. In case of the feed
normal forces acting during the machining of the final surface, a wide variation for the maximum
and minimum value of the force between z = 14 mm and 20 mm can be seen. This is caused
by the unequal tooth pitch of the end mill. This also applies to the measured surface topography,
based on the deformation range. A similar behavior with less impact occurs between z = 0 mm
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Fig. 7.19: Experimental procedure to verify the prediction of the shape of the surface
topography. Cutting and edge coefficients for the chamfered tool were chosen as
given in Fig. 7.6
and 8 mm. In this range, the deviations from the measured values are also greater. This results
from the fact that in this section the deflection of the tool increases in accordance with the beam
theory, leading to increased deformation errors, which is not considered by the method based on
the feed normal force analysis.
The resulting surface topographies for all used end mills are shown in Fig. 7.20. The upper dia-
grams show the results for ae = 2mm and fz = 0.08mm. All tools lead to a similar deformation
error. However, the highest surface error is caused by the end mill with chamfered cutting edges.
This result is also provided by the calculated feed normal forces during the machining of the final
flank face. Furthermore, the hybrid tool has no discontinuity at z = 14mm compared to the other
two tools. This is attributable to the reduced radial immersion of the radial recessed chamfered
cutting edges. As a result, the forces are dominated by the equally pitched sharp cutting edges.
The influence of the unequal tooth pitch on the forces can also be reduced by runout errors. In this
case, a single cutting edge dominates the forces, which reduces discontinuities [Gey02, p. 56].
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Cutting and edge coefficients for the tools were chosen as given in Fig. 7.6
This is also shown by the measured surface topography. All workpiece surfaces have no discon-
tinuity at z = 14 mm. Thus, it can be assumed that a runout error based dominance of a single
flute occurred for all tools.
The lower diagrams show the results for ae = 0.5 mm and fz = 0.04 mm. Surface topography
errors are considerable smaller in comparison to the previous discussed results. The shape of
the topography for all end mills correlates with the calculated feed normal forces. Due to the
small radial immersion ae, only a small discontinuity at z = 19.5mm occurs for the end mills with
chamfered and sharp cutting edges. A noticeable detail in the resulting surface topography for
the end mill with sharp cutting edges can be seen for ae = 2mm and 0.5mm. An artifact around
z = 15 mm occurs for both tests. This artifact is attributable to wear of the dominant flute, due
to runout, at this position, which is directly projected on the finishing surface.
As it can be seen, an increasing radial immersion leads to a higher tool deflection. Consequently,
the surface topography shape error rises. This increase is lower with the new hybrid tool. The cal-
culation of the forces allows to predict the shape of the surface topography without experiments,
and thus, can support the design of tools for finishing.
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7.3.2 Burr Formation
Additional investigations with the same experimental setup were carried out for burr investiga-
tions. A detailed assessment of burr formation is made by digital microscope images (Keyence
VHX-600 DSO, Fig. 7.21).
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Fig. 7.21: Digital microscope images (Keyence VHX-600 DSO) of chipping and burr formation
along the workpiece edge.
These images show only a partial section of the 100 mm long path in feed direction. The upper
pictures for each tool show a section with a distinctive appearance from the rest of the workpiece
edge. Chipping occurred at the workpiece edge for all end mills. Milling processes are prone to
this kind of chipping due to the interrupted cut. The lower images show a section of the work-
piece edge which is representative for the whole workpiece edge. It can be seen that the end mill
with chamfered cutting edges lead to a greater burr formation. Furthermore, these insights of the
workpiece edge conditions form the basis to asses the results of the following investigations.
Due to the interrupted cut, burr formation in milling can be uneven along the machined workpiece
edge [Gro06, p. 26]. Thus, a detailed analysis of Poisson burr along the whole feed path range
is carried out by a three dimensional scanning of the workpiece edge with the previously used
confocal point sensor (NanoFocus µscan). The burr height h0 is determined according to the
method shown in Fig. 7.22 a). The workpiece lies on a 30-degree inclined support. The inclina-
tion enables the sensor to capture the entire workpiece edge. As shown in the detailed view, the
measurement is carried out only near the edge with a resolution of 1 µm in both directions along
the path. As shown in the middle picture in Fig. 7.22, a discrepancy occurs between the actual
and measured profile. Despite this deviation, the burr height h0 can be identified by further data
processing, as shown in the right picture. Using multiple measuring points at the beginning and
at the end of the measuring path, respectively, linear regression lines are determined (dashed
lines). Ideally, the two lines are perpendicular to each other. The intersection of the two straight
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Fig. 7.22: a) Method for burr height identification, b) three dimensional overview of the
machined workpiece edge and c) resulting mean burr height h¯0.
lines corresponds to the ideal position of the cutting edge. Further, a rotational transformation is
performed to provide the data in the machine coordinate system. Finally, h0 can be determined
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on the basis of the difference in z-direction between the ascertained ideal edge position and the
highest value of the measured profile. This procedure is applied for all measured profiles along
the x-axis. The next measurement in x-direction is carried out at intervals of 0.1 mm. To reduce
the influence of individual outliers, a mean value is formed from ten adjacent measurements.
Thus, for a workpiece length of 100 mm , this results in 100 averaged measuring paths.
A representation of the workpiece edge shape for all three tools along the entire workpiece length
can be seen in Fig. 7.22 b). Gourad shading [Gou71] was added to outline surface irregularities.
These irregularities are particularly pronounced in the workpiece edge area machined with the
tool with chamfered cutting edges. Obviously, the contact between the chamfers and the just
cut surface are the main reason for this result. This contact heats the workpiece and promotes
the formation of burr. With the hybrid tool, this negative effect of the chamfer almost disappears.
Irregularities only appear at the exit. However, this could be less due to heat development than
to the changed dynamic behavior at the exit. This will be investigated by further experiments with
varying process parameters.
The resulting deviations from the measured and ideal workpiece edge shape are summarized
in the diagrams in Fig. 7.22 c). The dashed lines represent the ideal workpiece edge location.
Furthermore, the highest and lowest measured values of all measured paths are given. These
data illustrate the maximum range of deviation from the ideal edge. The low values represent
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chipping (Fig. 7.21) and the high value the maximum burr height max(h0). For the calculation
of the mean value of burr height h¯0, based on the proposed method (Fig. 7.22 a)), the paths
with outbreaks were filtered out. For the chosen process parameters in Fig. 7.22, the tools with
chamfered and sharp cutting edges have the highest and lowest value for h¯0, respectively. The
hybrid end mill has a slightly higher value than the tool with sharp cutting edges.
A burr comparison between the tools for all carried out experiments is given in Fig 7.23. The
process parameters ae, ap and fz were varied. The diagram shows the mean value h¯0 and the
maximum value max(h0). Process parameters related tendencies can not be ascertained from
the results. A more extensive experimental plan would be necessary. However, the tool with
chamfered cutting edges leads in most cases to the highest values for h¯0 and max(h0). The hy-
brid tool has a similar range as the tool with sharp cutting edges. This shows that even chamfered
cutting edges with a small radial offset of ΔR = 10 µm are sufficient to decrease the negative
effect of the chamfer on the finished surface.
7.3.3 Thermal Load
As shown in Chapter 7.1.1, the contact between the chamfer and the workpiece material can lead
to smearing due to the intense heat input. In case of thin-walled workpieces the heat input can
also lead to soft spots or component distortions (Chapter 2.4.4). As stated by Davis the feed and
cutting speed must be chosen adequately to reduce the risk of soft spots [Dav94, p. 336]. At
the same time, such components have a low rigidity and tend to an unstable machining behav-
ior. This in turn justifies the use of chamfered cutting edges. In the following investigations, the
main focus lies in determining the influence of chamfered cutting edges on the heat input into the
workpiece material. Thus, only the tools with sharp and chamfered cutting edges are compared
and the hybrid tool is neglected.
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Fig. 7.24: Experimental setup for the determination of thermomechanical effects of chamfered
cutting edges (based on [Lau13]).
The experimental setup shown in Fig. 7.24 was applied to study the heat impact during the ma-
chining process. Small probes of a fuselage frame of an airplane, consisting of Al-Li 2196, are
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used as workpieces. Al-Li 2196 can be considered a replacement for 7075 [Sri14]. This 3rd-
Generation Al-Li alloy has a reduced density of ρ = 2.63g/cm3 due to Li content and allows for
weight reduction in aerospace applications [Rio12]. The 2 mm-thin workpiece is mounted on an
adapter to increase rigidity. A thermal camera is used to measure the temperature within the
black area of the workpiece. This area is covered with an emissivity layer to reduce heat reflec-
tions. The tool path is shown in the right picture. Along this path the process parameters are
not changed. To isolate the effect of the chamfered area on heat generation, sharp tools are
used additionally. In order to be able to investigate the temperature development in a large area,
the axial immersion is set to ap = 25 mm. The radial immersion is ae = 1 mm. Note that the
immersion area is on the opposite side of the temperature measurement area. Due to the thin
frame thickness it can be assumed that during the experiment the temperature on the back and
front are almost the same, as shown with a heat flux model in [Den16].
A comparison of the temperature distribution between the two tool variants can be seen in
Fig. 7.25.
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Fig. 7.25: Comparison of the heat generation in the workpiece for sharp and chamfered cutting
edges.
The illustrated thermograms show the highest temperatures occurring during the machining pro-
cess by superimposing all recorded images. For the tool with sharp cutting edges, the highest
temperature spot reached a temperature of 62.35 ◦C. This value is clearly exceeded by the tool
with chamfered cutting edges and reaches a value of 300 ◦C for most of the immersion area.
The images beneath the thermograms show the machined surfaces, with opposite feed forward
direction due to the different record orientation. Clear chatter marks are visible on the surface
machined with the tool with sharp cutting edges. A closer look at the thermography map shows
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an interruption in the otherwise uniform heat distribution. At the position were chatter begins, the
temperature rises. In contrast to that, the contact of the chamfered cutting edges may lead to a
significant increased heat generation, but the machining process remains stable.
The coherence between the heat generation and the process forces is given in Fig. 7.26 for an-
other set of process parameters.
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Fig. 7.26: Change of process forces due to contact of chamfered area with flexible workpiece.
On the workpiece, which was processed with the end mill with sharp cutting edges, again chat-
ter marks are clearly visible. As described in [Dav00] the workpiece modes changed with tool
movement leading to different dominant chatter frequencies, as it is also visible on the machined
workpiece. For the first 9 s of machining, the chatter frequency is 995 Hz in feed direction. After-
ward, the chatter frequency shifts to 1, 455Hz and acts in feed normal direction. The temperature
diagram shows the highest measured temperature spot of a single frame. As it can be seen, the
maximum temperature Tmax rises at the spot with the most severe chatter marks. This is caused
by the increased process forces, as it can be seen in the force diagram. In comparison, the ma-
chining process with the end mill with chamfered cutting edges can be classified as marginally
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stable, as it will be explained in the following. Already at the beginning of the process, the tem-
perature is significantly higher than in case of the tool with sharp cutting edges and even rises
up to 250 ◦C.In general, the process forces are much higher than with the tool with sharp cutting
edges. Especially the forces in feed normal direction experience a significant increase. This re-
sults from the low radial immersion, which leads to a contact of the chamfer with the workpiece,
causing process damping forces mainly in feed normal direction. In case of full immersion, the
increase of the feed force is higher, as shown in Fig. 7.1, due to the fact that in that case the pro-
cess damping forces act mainly in feed direction. The detailed force views for one tool revolution
(1n = 0.03 s) in the lower diagrams shows that in case of the tool with chamfered cutting edges
the forces are not dominated by a chatter frequency. In contrast, this is clearly the case for the
tool with sharp cutting edges. The process forces for the tool with chamfered cutting edges are
additionally superimposed by a force amplitude with a frequency of approximately 1, 000Hz. This
corresponds to the identified chatter frequency in case of the tool with sharp cutting edges. It can
be assumed that a wavy surface is generated, which corresponds to this frequency, and induces
a contact between the chamfer and the workpiece and thereby leads to process damping forces,
as explained in Chapter 6.1.5, and thus, to an increased heat generation. However, after a ma-
chining time of 6 s passed, noticeable marks appear on the machined surface ( dashed enlarged
segments). In this area, even a fluctuation in the temperature signal can be seen, corresponding
to a frequency of 5.66Hz. There is no significant force increase visible, which is why this process
can be assumed to be marginally stable. The reason for this visible marks is that at such low fre-
quencies, the high wavelength of the wavy surface decrease the contact of the chamfer with the
workpiece, and thus, no process damping forces can be induced in such a case (Chapter 2.2).
Based on the curvature of the process forces it can be stated that the resulting chatter amplitude
is not severe.
Further experiments were carried out to investigate the influence of the spindle speed and feed
rate on the heat input into the workpiece, as shown in Fig. 7.27. The upper diagrams show the
evaluation of the temperature records. The resulting points present the arithmetic mean of the
1, 000 highest temperature values of all recorded frames during one experiment. The left dia-
grams shows the influence of the feed rate on heat generation. As it can be seen, higher feed
rates lower the maximum temperature in case of both tools. The influence of the increasing feed
rate, and thus, shorter machining time, exceeds the influence of the increasing process forces.
The machining time decreases from 8.3 s (fz = 0.03 mm) to 1.7 s (fz = 0.15 mm). The shorter a
tool remains at his current position, the less heat is generated in the workpiece at that position.
Obviously, large temperature differences arise between the two tools, which results from the pro-
cess forces. In particular, the feed normal forces for the tool with chamfered cutting edges are
significantly higher in comparison to the tool with sharp cutting edges. This is due to the process
damping forces, as discussed on the basis of Fig. 7.26, and is also confirmed by the evaluation
of stability, as shown in the lower diagram. It must be noted that at fz = 0.04 mm and 0.08 mm,
the heat generation exceeded the adjusted measurement range of the thermal imaging camera
(300 ◦C).
The right diagrams show the results of the spindle speed n dependence. With increasing n, the
machining time decreases from 25 s (n = 1, 000 min–1) to 2.5 s (n = 10, 000 min–1). As already
discussed in Chapter 6.1.4, the process forces decrease with increasing spindle speeds.
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Fig. 7.27: Influence of spindle speed and feed per tooth on heat generation and process forces.
Material properties were different between white (probe 1) and dark (probe 2) filled
markers.
In case of the end mill with sharp cutting edges the resulting maximum temperature is even low
for the longest machining time. Thus, no considerable influence of the spindle on the heat gener-
ation can be observed, which is in line with the results from [Lau13]. In case of chamfered cutting
edges an evident influence arises. Especially from n = 1, 000min–1 to 2, 000min–1, the maximum
temperature rises by almost 150◦C. In analogy to a low eigenfrequency (Fig. 7.26), the machined
wavy surface has a high wavelength at low spindle speeds, as described in Chapter 2.3.2. This
leads to a decreased contact between the chamfer and the workpiece, and thus, only small pro-
cess damping forces at n = 1, 000 min–1. This correlates with the measured forces. As it can be
seen in the force diagram, an evident increase of the feed normal force between the discussed
spindle speeds occurs. This also corresponds to the stability investigations from Chapter 7.2.1,
where instability occurred at low axial immersion ap in case of low spindle speeds (Fig. 7.14). A
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noticeable point is the fact that for the tool with chamfered cutting edges, which are labeled by
a black instead of a white filled marker, the measured temperatures are noticeable lower. Same
applies for the measured process forces, especially for the feed normal force FfN. The reason
for this can be attributed to different micro-structural properties of the workpieces, as shown in
Figure 7.28.
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Fig. 7.28: Analysis of the micro-structural properties of the workpieces (machined by the tool
with chamfered cutting edges).
The upper diagrams show a detailed view of the machined surfaces. The left side shows the
results for the dark filled markers with low feed normal forces (probe 1). Evident smearing of
the feed marks occurred for probe 2 (white filled markers). It can be assumed that the smearing
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is caused by the contact between the chamfer and the machined surface. This correlates with
the high feed normal forces and temperatures. In order to explain the reason for the different
behavior during cutting, an image was taken of both probes with a scanning electron microscope
(SEM). The view of the microstructure reveals that different thermal treatments where performed
on the workpieces. The differences in chemical composition are also confirmed by the elemen-
tal analysis carried out by energy-dispersive x-ray spectroscopy (EDX). Based on the measured
process forces for the end mill with sharp cutting edges, it can be assumed that the different heat
treatments have no significant effect on the tensile strength. Otherwise, larger differences in the
process forces would occur between the tests. Based on the smearing and the high forces in feed
normal direction in case of the end mill with chamfered cutting edges, a reduction of the elasticity
can be assumed. Furthermore, due to the high temperatures, soft spots may occur (Chapter
2.4.4). This risk can be reduced by using the hybrid tool. The resulting heat generation should
lie between the tools with chamfered cutting edges and sharp cutting edges. Stability prediction
for chamfered cutting edges may be improved if the smearing effect is correctly modeled.
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8 Design Recommendation
In this work, enhanced simulation methods and preliminary investigations for the use of a new hy-
brid tool for roughing and finishing operations were presented. Usually, tools with complex cutting
flute geometries, e.g. with unequal helix angles or serrated flutes, are used for such applications.
Such end mills enable a process stability increase. The improvement of the stability is based on
the geometrically caused disturbance of the regenerative effect. However, those flute geometries
have no effect on chatter caused by mode coupling. A much greater increase in process stability
can be achieved by using milling cutters with chamfers on the flank face. One of the disadvan-
tages of chamfers is a reduced surface quality.
Based on this knowledge, a tool concept was developed that uses the stability enhancing proper-
ties of chamfered cutting edges and at the same time promises the necessary surface qualities
for finishing operations. This concept tool has two pairs of the same flutes: two roughing and two
finishing flutes. The roughing cutters have chamfered cutting edges and provide the necessary
stability. These flutes are radially recessed in comparison to the finishing flutes. This ensures
that final surface is cut only by the finishing flutes.
In the following, the most important findings from experiment and simulation are summarized
for a practical application. In order to asses the experimental behavior of the hybrid end mill,
tools with sharp cutting edges and chamfered cutting edges were included in the experimental
investigations. Table 8.1 summarizes the achieved machining results.
Table 8.1: Mutual comparison between the used end mills (lll: best,mll: average,
mml: worst).
sharp chamfered hybrid tool
machining process forces: lll mll mll
behavior process stability: mml lll mll
smearing: lll mml lll
surface surface deformation error: lll mll lll
finish burr formation: lll mml lll
thermal load on workpiece: lll mml
With the hybrid tool the mean values of the process forces can be reduced compared to a
tool with only chamfered cutting edges. However, the radial offset ΔR leads to different force
amplitudes between the sharp and chamfered cutting flutes of the hybrid tool. To balance the
load between the different flutes, the necessary tooth pitch p needs to be adjusted. As given in
Eq. 6.6, The optimum for p can be calculated as a function of ΔR and the feed per tooth fz. It
follows from Eq. 6.6 that with higher values for fz the radial offset DeltaR can be increased as
well to keep a balanced force load between the flutes. Additionally, the chamfer increases the
process forces of the roughing flutes. Therefore, empirical data for the cutting force coefficients
are necessary.
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Fig. 8.1: Final experiments with the hybrid tool.
As it was shown experimentally, tools with chamfered cutting edges offer an obvious process
stability increase compared to end mills with sharp cutting edges. The hybrid tool allows a
stable machining process with the same axial depth of cuts as a tool with only chamfered cutting
edges (Fig. 7.14). However, this is only the case for certain ranges of spindle speeds. Thus, the
knowledge of these spindle speed ranges is crucial. As it was shown, stable spindle speed areas
depend on the geometrical shape of the hybrid tool, e.g. radial offset. Predicted stability charts
assist to identify these ranges.
When using chamfered cutting edges, intense smearing on the workpiece can occur at high
values for fz. This risk is minimized by the hybrid tool. If smearing should appear, ΔR needs to
be increased. Consequently, the tooth pitch p must be adjusted to keep a balanced force load
between the different cutting flutes. For a feed per tooth fz of 0.32 mm an increase of ΔR by
10 µm changes p or the distance to the previous sharp cutting flute by –2.8◦. In this case the
relationship between ΔR and p is linear.
It is important to note the irregularities between individual cutting edges, e.g. unequal tooth
pitches, can lead to irregularities in the surface deformation error. With the presented method
for the prediction of the shape of the surface deformation on the flank face, the influence by the
geometrical properties of an end mill can be taken into account.
In order to reduce burr formation it must be ensured that the chamfered flutes of the hybrid tool
do not contribute to the final surface of the flank face. This might be the case, if the value of the
tool runout offset ρr is too high. If ρr can be estimated or predicted, the necessary minimum value
for ΔR results from Eq. 4.43.
If aluminum alloys are machined which are prone to form soft spots, the thermal load induced by
the contact between the chamfer and the workpiece needs to be considered. In this case, high
values for fz can be favorable. Although the hybrid tool was not included in these investigations, it
can be assumed that the overall temperature development might be reduced. In addition, it must
be considered whether the temperature input can be reduced by reducing the chamfer width bf
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or increasing the chamfer angle αf. The prerequisite is that the process remains stable.
To clarify the possible advantages of the hybrid tool, the following final machining operation was
carried out (Fig. 8.1). With a tool with only sharp cutting edges, the process was unstable.
Chatter marks are visible on the detailed view A. A tool with only chamfered cutting edges led to
a stable machining process but increased burr formation. Using the hybrid tool withΔR = 20µm,
the process was stable and burr formation, compared to chamfered cutting edges, was reduced.
This clarifies that depending on the machining process requirements, the use of the hybrid tool
delivers the best result.
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In order to enable a process-optimized design of the geometry of the new hybrid tool, the nec-
essary mathematical models were derived in this work. For the modeling of the process forces,
it was taken into account that the engagement conditions along the cutting flutes can change in
the z-direction. This is the case when the tooth pitch changes due to uneven helix angles or in
case of a runout error. Furthermore, a runout error or a radial offset of a cutting flute can lead to
a sudden change of the engagement conditions. These changes occur near the entry and exit
positions of a flute into the workpiece. If a circular flute path is modeled, which is a simplification
of the actual flute path, high deviations occur for the modeled engagement conditions at the entry
and exit positions. Therefore, a new model was presented, which calculates the resulting chip
thicknesses as well as time-delays based on trochoidal flute paths. Furthermore, the derived
model for the calculation of the process forces was combined with the heuristic PSO algorithm to
determine cutting force coefficients as well as runout errors based on experimental process force
data fitting and the ICFM.
The described time-delay changes also had to be integrated into the modeling of the process sta-
bility based on the semi-discretization method. Therefore, the existing mathematical models have
been extended accordingly. In addition to the SD method, a model for a time-domain simulation
of the milling process was derived. This allows the consideration of nonlinearities in comparison
to the SD method. Furthermore, the consideration of the process damping forces was extended
for the time-domain simulation.
On the basis of preliminary investigations the derived mathematical models were analyzed. It was
shown that by combining the trochoidal flute path model with the PSO algorithm and the known
ICFM, the identification of the process force coefficients can be performed more accurately than
with the known ACFM. Especially when assuming a runout error, the coefficients identified with
the ACFM showed significant deviations. With the proposed method, process force coefficients
could be determined more exactly due to the implemented runout error identification. Process
damping forces are a further influential factor on process stability, and thus, were investigated:
The indentation between the cutting edge and the workpiece is described by the process damp-
ing area Apd based on the slope of the inner modulation at the cutting edge tip. On the basis of
experimental process forces, it could be shown that this assumption can lead to significant devi-
ations. Such a deviation can occur if only the rear part of the chamfer and the workpiece overlap.
In this case, it applies that αeff > 0, and thus, Apd = 0. With increasing vibration frequency,
the deviation increases as well. Thus, in case of the stability prediction with the time-domain
simulation, the overlapping area between the chamfer and the workpiece is identified based on
a Boolean operation.
The second part of the preliminary investigations focuses on theoretical studies to estimate the
influence of the geometrical attributes of the hybrid tool on stability and machined surface quality.
First, the influence of the radial offset ΔR on process stability was investigated. Increasing val-
ues for ΔR lead to a longer immersion length of the additional time-delays caused by the offset.
Calculated stability charts with the SD method show a significant increase of stability with larger
values for ΔR. This illustrates the disturbance of the regenerative effect by the radial offset. In
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addition, the influence of the radial offset, runout error and unequal tooth pitches on the shape
of the surface deformation error of the flank face was investigated. It could be shown that the
shape of the surface deformation error can be predicted on the basis of the feed normal forces.
Thus, during the phase of the tool design optimization the deformation error can be taken into
account.
The loads occurring during the machining process were assessed on the basis of a comparison
of the process forces. First, mean values for the process forces in dependence of the process
parameters were compared. In case of full immersion and varying feed per tooth fz the feed
forces Ff for the tool with chamfered cutting edges are doubled compared to the tool with sharp
cutting edges. As it was shown, the increase of Ff results from the fact that the additional load,
due to the indentation between the chamfer and the workpiece, acts mainly if a flute segments
is near φ (t) = 90◦. With the used hybrid tool, the increase of Ff was almost avoided and similar
mean values for the process forces as for the tool with sharp cutting edges were achieved. One
of the reason for this result is that the radial recession ΔR = 10 µm of the chamfered flutes is
comparable to a reduction of fz. Furthermore, the high load during machining with the tool with
chamfered cutting edges led to smearing of the workpiece material. This occured due to the high
temperature input into the workpiece. With the alternating engagement of sharp and chamfered
cutting edges in case of the new hybrid tool, smearing could be avoided. For the identification of
the cutting force coefficients based on the ICFM, full immersion, up- and down-milling operations
were carried out. In order to avoid vibrations, a low spindle speed n was chosen. In addition,
small values were chosen for the radial and axial depth of cut. As a result of this procedure, even
slight overlaps occurred accordingly. In combination with the used hybrid tool, which had a high
radial offset of ΔR = 50 µm, high force amplitudes occurred during the immersion of the sharp
cutting edges. However, these differences decrease with high values for the feed forward velocity
vf (if fz >> ΔR) and high spindle speeds n (additional load due to indentation between chamfered
flutes and workpiece).
The process stability was investigated based on the identified input and distortion data (process
force coefficients, modal parameters and runout error) within the scope of the preliminary ex-
periments. As expected, the stability of the tool with sharp cutting edges was the lowest of all
investigated tools over the entire spindle speed range. The tool with chamfered cutting edges
yielded a high stability for almost all performed cutting tests. In a wide speed range, stability
tests were limited to ap = 19 mm due to high forces and the risk of smearing. The lowest sta-
bility was achieved at low spindle speeds. In general, lower eigenfrequencies are excited at low
speeds. This results in a wavy workpiece surface with a long wavelength, and thus, the inden-
tation between the chamfered cutting edge and the workpiece decreases. Furthermore, chatter
occurred due to the excitement of low eigenfrequencies within a range of high spindle speeds.
First, a hybrid tool with a radial offset of ΔR = 10 µm was considered. The achieved stability
limit was significant higher than for the tool with sharp cutting edges. For a wide spindle speed
range, the same stability was achieved as with the tool with chamfered cutting edges. Thus, with
the knowledge of the process parameters that assure a stable machining behavior, the hybrid
tool can provide the best possible stability. In addition to the experimental stability data, process
stability was also calculated using the SD method. In case of the tool with sharp cutting edges, a
good agreement between the experimental and calculated process stability was achieved. This
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proofs that the coefficients and the modal parameters have been identified correctly and with the
required accuracy. Furthermore, the calculated stability charts with and without the considera-
tion of runout error show only marginal differences. In case of the tool with chamfered edges
as well as the hybrid tool, runout consideration leads to apparent changes in the stability. How-
ever, significant differences between the experimental and calculated process stability occurred.
One of the reasons for this error is the applied process damping model for the stability prediction
based on the SD method. This model assumes an indentation between the chamfered flank face
and the workpiece without an interruption during the immersion. Thus, a process damping model
which considers at which immersion positions an indentation occurs was applied for time-domain
simulations. However, the predicted stability charts showed again noticeable differences from the
experimental results. In this respect, other factors must be considered, e.g. the influence of tem-
perature development in the workpiece due to the contact with the chamfer. It is likely that higher
temperatures affect the material properties and thus also the resulting process forces. This was
evident in the preliminary experiments, were smearing occurred for the tool with chamfered cut-
ting edges. Further experimental investigations were carried out to determine the influence of the
radial offset on the stability. For this purpose, additional hybrid tools with different radial offsets
ΔR were used. With a higher radial offset, the variation of time-delays increases. To a certain
extent, this corresponds with a higher stability. At the same time, however, the immersion range
of the chamfered cutting edges is shortened, and thus, the effect of process damping is weak-
ened. This influence is much more dominant, so that a decrease in stability could be observed
with increasing ΔR at most of the investigated spindle speeds.
The quality of the surface finish was first evaluated based on the surface deformation error. For
the hybrid tool a similar result was achieved as for the tool with sharp cutting edges. The largest
surface deformation errors occurred for the end mill with chamfered cutting edges. The surface
deformation error was determined experimentally. Furthermore, the shape of the deformation
was also predicted based on the feed normal forces. A good match between this method and the
experimental results could be achieved. Thus, the shape of the surface deformation error of the
flank face can be predicted on the basis of the calculation of the feed normal forces as a function
of the process parameters and the tool geometry.
For the investigation of urr formation, the radial and axial immersion as well as the feed per tooth
were varied. In analogy to the preliminary investigations, it was found that the tool with cham-
fered cutting flutes had the largest burr formation. The hybrid tool returned similar results as the
tool with sharp cutting edges. In this respect, it can be stated that the hybrid tool is suitable for
finishing operations.
Another negative effect of the chamfer on the surface quality is caused by the high thermal load
on the workpiece. As shown, the contact between the chamfer and the workpiece leads to a
significant increase in temperature. This can cause a negative influence on the material prop-
erties of aluminum alloys. These investigations focused on the comparison between sharp and
chamfered cutting edges. THus, the hybrid tool was not included. However, as shown in the
previous experimental investigations, the risk of smearing can be reduced with the hybrid tool.
In this respect, it can be assumed that the temperature increase is lower than with the tool with
chamfered cutting edges.
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The achieved results and gained knowledge provide a solid foundation concerning the roughing
and finishing capability of the proposed hybrid end mill. However, in the course of this thesis,
further research topics arose which are worth to investigate:
• The deviations between the the experimental and predicted stability show clearly that the
applied model for the velocity dependent force component (process damping forces) is
insufficient. The indentation between the chamfered cutting edge and the workpiece mate-
rials is a complex process. Due to the machining process and the additional load caues by
the indentation between the chamfer and the workpiece, the temperature in the workpiece
increase. This may cause a corresponding influence on the material properties. This, in
turn, may abbreviate the process forces. In addition, plastic deformations of the material
occur (smearing) which also influence the contact between the chamfer and the workpiece.
In this respect, basic research, e.g. plane cutting tests, for an extended understanding of
the contact is recommended.
• The deviations in the stability calculation due to insufficient process damping modeling
superimposed the study of the radial offset. Same applies for the influence of the runout
error. Thus, stability investigations for end mills with sharp cutting edges and with a defined
runout error and recessed flutes are recommended.
• The investigations carried out focused on a tool with four cutting flutes. However, the princi-
ple of the hybrid tool can also be applied to milling cutters with a different number of flutes.
Furthermore, in case of a four fluted end mill, the number of chamfered (sharp) cutting
edges can be increased to improve stability (surface finish).
• The advantages of the proposed hybrid tool in terms of productivity need to be verified
with industrial application. The design of the hybrid tool can be carried out based on the
analysis of the machining requirements and in accordance to the achieved knowledge in
this thesis. Subsequently, an experimental comparison can be made between the hybrid
tool and standard tools used for the practice example.
In conclusion, it can be stated that the obtained results and the developed simulation methods
for the hybrid tool have laid a solid foundation for application-oriented research topics.
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